Conformal field theories associated to regular chiral vertex 
operator algebras I: theories over the projective line 



KlYOKAZU NAGATOMO AND AkIHIRO TSUCHIYA 



Abstract: Based on any chiral vertex operator algebra satisfying a suitable finiteness 
condition, the semisimplicity of the zero-mode algebra as well as a regularity for induced 
modules, we construct conformal field theory over the projective line with the chiral vertex 
operator algebra as symmetries of the theory. We appropriately generalize the argument in 
[rUY| so that we are able to define sheaves of conformal blocks for chiral vertex operator 
algebras and study them in detail. We prove the factorization theorem under the fairly 
general conditions for chiral vertex operator algebras and the zero-mode algebras. 
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Introduction 

In the present paper we study conformal field theory (CFT) defined over the projective 
line associated to chiral vertex operator algebras. The theories over compact Riemann 
surfaces of positive genus will be discussed in the forthcoming papers. 

There are two extensively studied examples of conformal field theory defined over 
compact Riemann surfaces; the one is WZNW model associated to integrable highest 
weight representations of affine Lie algebras ( |[rU Y| |), and the other is the minimal 
models associated to highest weight representations of the co-called minimal series 
for the Virasoro algebra ( ||BFM|| ). In both examples sheaves of conformal blocks are 
constructed over the moduli spaces for iV-pointed stable curves, and the expected 
properties of them such as the coherency, the existence of P-module structure, and the 
factorization property along the boundary of the moduli space are proved as well as 
other interesting natures. There is another well understood example known as abelian 
conformal field theory whose symmetry is the lattice chiral vertex operator algebra 
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associated to a rank one even lattice. In [[D]] the space of conformal blocks attached to 
a pointed stable curve is constructed and its dimension is determined. Particularly the 
space of conformal blocks over the smooth curve is isomorphic to the vector space of 
theta functions defined over the Jacobian variety with the multiple of the theta divisor. 

The notion of chiral vertex operator algebras was first introduced in order to realize 
and study the Monster (the largest sporadic finite simple group) ( |lBorc|| , |[FLM|| ), and 



in fact there are significant achievements in this direction. The set of axioms for a 
chiral vertex operator algebra consists of algebraic counterparts of the notion of the 
operator product expansion in conformal field theory. Later conformal field theories 
associated to chiral vertex operator algebras over compact Riemann surfaces started in 



ZT| and ||Z2|| as a generalization of WZNW model and the minimal model. Meanwhile 



Beilinson and Drinfeld ||BD|| formulated a chiral vertex operator algebra over a curve by 



using the notion of P-modules, which is called a chiral algebra (cf. [0). Chiral algebras 
give rise to a framework of conformal field theory over compact Riemann surfaces of 
particularly higher genus. In fact Frenkel and Ben-Zvi ([0], [|FB|| ) defined sheaves of 
conformal blocks over curves in terms of chiral algebras. However, their properties 
such as the coherency, the local freeness along the boundary of the moduli space, and 
the factorization property are not known. In the paper we define sheaves of conformal 
blocks over the projective line following |[rU Y|| and prove the series of above properties. 



Discussions for higher genus compact Riemann surfaces will be reported in subsequent 
papers. 

It must be important to note that a chiral vertex operator algebra does not always 
provide conformal field theory with desired properties (say, "good" conformal field 
theory); several conditions such as rationality, regularity, etc., which likely lead us 
to the good theory have been proposed. However it is not known, if one of these 
conditions in fact allows us to build a theory, and which one is the most natural. In 
this paper we propound such a sufficient condition, which we call the condition HI (see 
the explanation below); we also present weaker conditions I and I, which are enough 
for us to prove several properties such as the coherency of conformal blocks, etc. In the 
paper we call a chiral vertex operator algebras satisfying the condition HI "regular"; 
any regular chiral vertex operator algebra gives rise to a good conformal field theory 
over the projective line. One of the important features of the condition 11 is that the 
completely reducibility of V^-modules is not assumed: previously propounded notions 
of rationality, or regularity presume that any V^-module is completely reducible. We 
show that our category of V^-modules is semisimple, and that the category of V^-modules 
and the category of finite dimensional modules for the zero- mode algebra is equivalent. 

The most of the ideas in this paper are found in ||TU Y||, which are slightly gener- 



alized so as to fit our general settings. The notion of conformal blocks in the paper 
is equivalent to the one in |[BD|| though its appearance looks different; the definition 



which is convenient for our purpose is chosen. 

The paper is organized as follows: Section |I| reviews basic concepts of chiral vertex 
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operator algebras ( [[b'LMH ). The definition of a cliiral vertex operator algebra consists 
of several axioms; the most important one is the associativity formula. Its physics 
counterpart is known as the operator product expansion in conformal field theory; the 
equivalence between them is also explained here. Section ^ gives the notions of the 
current Lie algebra q{V) and the current algebra U{V) associated to a chiral vertex 
operator algebra V. The current algebra 1^{V) is introduced in order to develop the 
theory of ^-module in terms of suitable associative algebras (cf. recall the role of the 
universal enveloping algebras in the representation theory for Lie algebras). For the 
purpose the Lie algebra siV) and its completed universal enveloping algebra U{Q(y)) 
are introduced. The algebra U(y) is defined as the quotient algebra of U{q{V)) by 
the two-sided ideal mostly generated by the associativity formula (Definition p.2.1| ). 
A module for V or V^-module is a finitely generated U{V)-modu\e satisfying a certain 
finiteness condition; the category of V^-modules is denoted by J^od (V). Section ^ in- 
cludes consequences under the condition I, i.e., under Zhu's C2-finite condition. Using 
the argument given in [|GN|| being slightly generalized for our situation we prove that 
any V^-module is linearly spanned by vectors obtained by applying negative Fourier 
modes without same mode iterations (Theorem p. 2. 7 ); this fact is called the fermionic 
property of \^-modules. In particular a certain finiteness property called C„-finiteness 
(n > 2) is proved for arbitrary l^-module when V satisfies C2-condition. The co- 
herency of conformal blocks over the projective line is assured by the C2-finiteness 
of V^-modules. In the higher genus case the coherency of conformal blocks can be 
proved by using C^-finiteness of V^-modules for all n > 2. The fermionic property of 
l^-modules is a consequence of the associativity formula, and this itself is a very inter- 
esting phenomena which occurs in the theory. The other important ingredient in the 
section is the zero-mode algebra Aq{V) which is defined as a subquotient algebra of the 
current algebra. The definition is given so as to have a clear meaning in V^-modules 
theory. In the appendix it is shown that the zero-mode algebra is isomorphic to the 
so-called Zhu's algebra, so that the role of Zhu's algebra in the theory of chiral vertex 
operator algebras is clarified. The category of finite dimensional 74o(^)-modules is 
denoted by Mod iAo{V)). The definition of functors HW : Mod (V) Mod iAo{V)) 
and M : Mod{AQ{V)) Mod{V) are also given, where 7Y>V(M) is a set of high- 
est weight vectors of a ^-module M and M{W) = UiV) ®f°u{v) ^ is the induced 
F-module for an y4o(V^)-module W . Section § reviews the duality of V^-modules; the 
content is essentially due to | FHL|| . Section |^ presents the definitions of space of con- 
formal blocks and system of current correlation functions over the projective line, and 
the one to one correspondence between them (Theorem |5.3.3| ) is established. One of 
the main theorems that any space of conformal blocks is finite dimensional is proved 
(Theorem |5.8.1[ ). In section ^ the sheaf of conformal blocks is defined over the moduli 
space of A^-pointed projective line, and an integrable connection on it is constructed. 
Section |^ states the conditions II (C2-finite condition and the semisimplicity of the 
zero-mode algebra) and H (the condition II and the simpleness of the induced mod- 
ule M{W) for a simple 74o(V^)-module W). The most important contributions of the 
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present work is in section ^. In this section we always work with the condition HI. 
Sheaves of conformal blocks are extended to sheaves over the partial compactification 
of the moduli space of A^-pointed projective line (Proposition S.2.^ ), whose boundary 
consists of A^-pointed stable curves with ordinary double points. It is verified that the 
connection for vector fields tangent to the boundary is well-defined (Theorem p.3.1| ). 
The behavior of sheaves of conformal blocks along the boundary of the moduli space is 
studied under the conditions HI . It is shown that sheaves of conformal blocks over the 
moduli space are locally free (Theorem 8.4.6 ) and have the factorization property along 
the boundary (Theorem |8.4.3| ). Section |^ shows that if is a chiral vertex operator 
algebra satisfying the conditions HI then the functor HW : Aiod (V) M.od (Ao(K)) 
gives an equivalence of categories. Particularly M.od {V) is a semisimple category. In 
the appendix we include two example of regular chiral vertex operator algebras; the 
affine and the Virasoro chiral vertex operator algebras, which gives WZNW-model and 
the minimal model, respectively. These two example would give more concrete im- 
ages of notions discussed at every stage of the paper. The isomorphism between the 
zero-mode algebra and Zhu's algebra is also given here. 



1 Chiral vertex operator algebras 

We give definition of chiral vertex operator algebras and characterize the axioms for 
chiral vertex operator algebras in terms of 2-point functions. 



1.1 Graded vector spaces and endomorphism rings 

Let M = M„ be a graded vector space over the complex number field C such 

that dim M„ < oo for all n G Z and M„ = for all sufficiently small n. We define the 
filtration FpM {p G Z) by setting FpM = ®„<pM„, which is an increasing filtration 
on M; 

■ ■ ■ C FpM C Fp+iM C . . . , Hp^^FpM = {0} and M = VJp^^FpM. 

Setting F'^M = F_pM for all p G Z we get the decreasing filtration 

• ■ ■ D FPM D FP+^M D . . . , Hp^zFPM = {0} and M = Up^^F^M. 

Let End M be the endomorphism ring of M. We set Snd M = Up^z^FpSnd M where 

FpSndM = {ipe End M \ (^(M„) C F^+pM for all n G Z } (p G Z). 

We also define F^SndM = F_p8ndM for all p G Z. The FpSndM {p G Z) define an 
increasing filtration on End M 

. . . C FpEnd M C Fp+iSnd M C . . . , Hp^^FpSnd M = {0}, 
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and the F^Snd M {p & define a decreasing filtration. The vector space Snd M is 
Hausdorff with respect to the hnear topology induced by the filtration FpSnd M {p ^ Z) 
and is complete. 

We set £nd^ M = ^^^^SndpM C Snd M where 

Sndp M = {ipe End M \ (p{Mn) C M„+p for all n G Z } (p G Z). 

The vector space £nd^ M is endowed with the increasing filtration FpSnd^ M = 
FpSnd M n 8nd f M = 0„<p £ndn M. We see that Snd M is the formal completion of 
EndfM. 

1.2 The Virasoro algebra 

The Virasoro algebra Vir is a vector space Vir = 0„g2 CT(n) ©CC with commutation 
relations 

[T(m), T(n)] = (m - n)T(m + n) + S^+n,o C, [T(m), C] = 0. 

Let M be a Vzr-module such that the center C acts on M as a complex number cm- 
Then cm is called central charge. 



1.3 Chiral vertex operator algebras - definition 

Let us recall definition of chiral vertex operator algebras ( ||Borc|| , |PLM 



Definition 1.3.1. The triplet {V, J,T) is called a chiral vertex operator algebra if it 
satisfies the following conditions: 

(a) is a graded vector space V = 0^=o such that dim Vq = 1 and dim Va < cc 
for all A. Any element v of Va is called homogeneous vectors with weight A; we denote 
A = \v\. 

(b) There exist two special nonzero elements |0) G Vq and T G V2, which are called 
the vacuum and the Virasoro vector respectively. 

(c) For any integer n there exists a linear map Jn '. V Snd^n V such that Jo(|0 )) = 
idy, J„(|0)) = 0{n ^ 0), and J-a{v)\0) = v, Jn{v)\0) = {n > -A) for all v G Va- 
We set T{n) = Jn{T) for all G Z. The T(n) {n G Z) and Jo(|0)) = idy form a 
representation of the Virasoro algebra on V with some central charge cy G C, and 
T(0) is the grading operator, i.e., T(0)f = Ai; for any t> G Va- 

(d) Jn{T{-l)v) = -{n + A)Jn{v) for any v G Va- 

(e) Let Vi G Vaj, f2 £ Vaj and m, n G Z. Then 

A1+A2-I / _^ ^ _ 

[Jm(i;i), J„(t;2)] = X] ( J-^m+n(-''i-Ai+l(fl)f2)- 

n \ 3 J 



(f) Let vi G Vai, V2 G Vaj and m, n E Z. Then 



oo / 



n + Ai - 1 



A'^ote 1.3.2. The identities (e) and (f) is called the commutator formula and the asso- 
ciativity formula respectively in the literature. 

The following proposition is well-known ( [|Borc|] , [[FLM|| ) . 



Proposition 1.3.3. (1) T(1)T = andT{2)T= ylO). 

(2) For any f G Va and n E'L, 

[T(-l), Jn{v)] = -(n + A - l)Jn-i{v), [T(0), Jn{v)] = -nJn{v). 

(3) For any Vi G Vai, f2 £ Vaj n G Z, 

^n(^^l)^^2 = 2^ ^ T(-l)^ (^n+Ai-A2+i(^^2)^^l) • 

j=o -^^ 

A'^ofe 1.3.4. The first formula in the proposition (2) is called the derivation property, 
and the one in the proposition (3) is called the skew symmetry. 

1.4 2-point functions 

In this subsection we present another set of axioms for a chiral vertex operator algebra 
using the notion of the operator product expansion. 

Definition 1.^.1. Let V = 0a=o be a chiral vertex operator algebra. For any 
f G Va we associate a formal power series with the formal variable z and z~^ with 
coefficients in End^ V by 



J{v,z) = ^ J„(t;)z-«-^ G {£ndfV)[[z,z-% 

which is called the nonabelian current associated to the vector v. For any vi G 
Vai and V2 G Vaj the product J{vi, Zi)J{v2, Z2) is well-defined as an element in 

{£ndfV)[[z^,z^\z2,z^% 

Definition 1.4-2. Let V = 0a=o ^ be a chiral vertex operator algebra. We denote by 
V* the graded dual of V, i.e., V* = 0a=o where = Homc(VA, C), and by ( , ) 
the natural dual pairing between V* and V. 
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Proposition 1.4.3. Let vi G Vai and V2 G Vas- 

(1) The formal 2 -point function {v*\J{vi, Zi)J{v2, Z2)\v) E C[[zi, z^^ , Z2, z^^]] absolutely 
converges on the domain \zi\ > \z2\ > and is analytically continued to a rational 
function onF^xF^ with possible poles on zi = Z2, Zi = ^[i = 1,2) and Zi = oo{i = 1,2); 
this rational function is denoted by the same notation. 

(2) The formal power series {v*\J{J{vi, Zi—Z2)v2, Z2)\v) E C[[zi—Z2,{zi — Z2)^^,Z2,Z2'^]] 
absolutely converges on the domain < \zi — Z2\ < \z2\ and is analytically continued 
to a rational function on x with possible poles on zi = Z2, Zi = {i = 1,2) and 
Zi = oo {i = 1,2) ; this rational function is also denoted by the same notation. 

(3) The following relations hold 

{v*\J{Vi,Zi)J{v2,Z2)\v) ={V*\J{V2, Z2)J{Vi, Zi)\v) 

= {v*\J{J{Vi,Zi - Z2)V2, Z2)\v) 
= {V*\J{J{V2,Z2 - Zi)Vi,Zi)\v). 

(4) For any Vi G Vai 

^^{v*\Jivuz)\v) = {v*\JiT{-l)v^,z)\v). 
Proof. For f G Va we set 

J>0(t;,;2)= J2 Jn{v)z-''~^ and J^\V,Z)= ^ Jn{v)z~''~^. 
n>-A+l n<-A 

Note that 

{V*\J{'"I.ZI)J{V2.Z2)\V) = {V*\[J>\VI,Z^),J{V2,Z2)]\V) 

+ {V*\J{V2. Z2)J>\V,, z,)\v) + {v*\J^\v^, ZI)J{V2, Z2)\V), (1.1) 
{V*\J{V2,Z2)J{VUZ,)\V) = {V*\[J{V2,Z2),J-\V,,ZI),]\V) 

+ {V*\J{V2, Z2)J>\v,, z,)\v) + {v*\J^\v^, ZI)J{V2, Z2)\V), (1.2) 

where the second and the third term in the right hand sides are Laurent polynomials 
of Zi and Z2. The commutator formula in Definition p..3.1| is equivalent to the following 
set of equations, each of which holds as an element in (Snd-^ V)[[zi^ , Z2, Z2'^]] and 
{8nd^ V)[[zi, Z2, Z2^\\, respectively; 

A1+A2-1 

[J>^{Vi,Zi),J{y2,Z2)]= ^ J{,Jj-A^+l{vi)v2,Z2) {Zi- Z2)'^'\^^^^^^^, (1.3) 

i=o 
A1+A2-1 

[J{V2,Z2),J^\VI,Z^)]= J] J{Jj-A,+l{Vi)v2,Z2){Zi- Z2)-^-\^^^^^^^, (1.4) 

i=o 
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where 



m=0 

j-l\ _ ~ ^\ ^m-m-l-j 



m=0 



J 



Using ( |1.3|) and ( |1.4| ) we see that the expansion of J{J^^{vi, zi — 2:2)^25-22) ^ 
{8nd^ V)[[zi — Z2i {zi — Z2)~^, Z2, -z^"^]] on the domain \zi\ > \z2\ > and \z2\ > > 
is respectively given by 

jfj>Ot N N f[J^^{Vl,Zi),J{v2,Z2)] on |2;i| > |Z2| > 0, 

J{J^%v^,Zi-Z2)v2,Z2) = < I 1^1 l^n ^^-^^ 

[[■J{v2,Z2),J-{vi,Zi)\ on \Z2\ > \Zi\ > 0. 

Finally using the associativity formula we see that 

J( J^^K, Zl - ^2)^^2, Z2) = J^^K, Zi)Jiv2, Z2) + J{V2, Z2) Zl) (1.6) 

as elements in {Snd^ ^)[[zi — Z2, Z2, Z2'^]], where in the right hand side we use the 
expansion 

-J - 1 



m=0 



Using ( |1.3|) we see that the first term of ( |1 . 1|) absolutely converges on the domain 
\zi\ > \z2\ > to a rational function with the prescribed pole conditions, and that 
{v*\J{vi,Zi)J{v2,Z2)\v) = {v*\J{v2,Z2)J{vi,Zi)\v) by (|riD-(|r|). The formal power 
series {v*\J{J{vi, zi — Z2)v2, Z2)\v) also absolutely converges on the domain < l^i — 
Z2\ < \Z2\ to {v*\J{vi,zi)J{v2,Z2)\v) hj ([ij) and (iri). 

Finally (4) follows from the condition (d) for the chiral vertex operator algebra. □ 

Note 1.4 -4- The first and second equality of the proposition (3) is called the S2- 
symmetry and the operator product property, respectively. 

Remark 1.4-5. The iS2-symmetry and the operator product property give the commu- 
tator formula and the associativity formula in Definition |1.3.1| . The third equality of 
the proposition (3) gives the skew-symmetry. The statement (4) is nothing but (d) in 
Definition 1.3. 1| 
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2 Modules for chiral vertex operator algebras 
2.1 Current Lie algebras 

Let (V, J, T) be a chiral vertex operator algebra with a grading V = ®^=o^- 
set y« - e~^o l-A ® Cmmy-^ and = e^^o \/a ® C((0)(rfO-^- Let V : 
y(o) _^ y(i) ]-,g ^jig linear map defined by 

We set 0(1^) = y(i)/Vy(°) and denote by J(t;, /) the image oi v fid^Y'^ (v E Va) 
under the canonical projection V^^^ 0(^) = V^^yW^'^\ 
The vector space V^*^^) is filtered by the decreasing filtration 

oo 
A=0 

...D FPy^^^ D Ff+^V^^) D . . . , nFPV^^^ = and V'^^^ = UF^V^^), 

p p 

which defines a Hausdorff linear topology on the vector space V^^^ . There also exists a 
decreasing filtration on V^°^ ; 

oo 
A=0 

Since V : FfT/(°) pP-^V^^^ for all p e Z the filtration Fp {p e Z) on V^^^ induces a 
filtration on the Lie algebra q{V), which we denote by FPq{V) (p G Z). 
We introduce a bihnear operation [ , ] : V'^^^ x V^^^ — > V^^^ by 

A1+A2-I ^ 

m=0 ■ ^ 

Proposition 2.1.1. The bilinear operation [ , ] induces a Lie bracket on q{V), and 
the Lie algebra q{V) is filtered by FPq{V) {p e Z), i.e., [FPQ{V),F'iQ{V)\ C FP+'iQ{V). 

Proof. In order to show that the bilinear operation [ , ] on V^^^ induces a bilinear map 
on Q{y) we first prove that 

[vi ®fuV2® f2\ + [V2 ® /2, vi ®fi]=Q mod WV^^\ 
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for all Vi E Va, and fi E C{{^)){d^Y {i = 1,2). Hereafter we omit the symbol for 
convenience. To do this it suffices to see that 



j=0 n=0 

The key is the following identity for differential polynomials; 
Using the Leibnitz rule for V = T(— 1) ® i(\. + i(\.®d/d^ we see that 

j=0 n=0 fc=0 ^ ^ S \ S / 

We now set m — j — i — n + and eliminate j and n; 

E m^^(-i)"^~'(-)-«E(-i)'^'Qi.(p/.). 

i,m=0 A:=0 \ / S \ S / 

i, m=0 
= bl <8) /l,t'2 <S) /2] 

by the skew symmetry. 

Using the property (d) of chiral vertex operator algebras we obtain [Vy^°\ y*^^^] = 
0, and then [V^^\ VV^^^] C VK^°^ by the mod Vl^^'^-'-skcw symmetry. Now the bilinear 
operation [ , ] on V^^^^ induces a bihnear map on q{V) such that [FPg{V), F'1q{V)] C 

To see that this bilinear map is a Lie bracket it suffices to show that the [ , ] 
satisfies the Jacobi identity, i.e., 

= [Vl <8) /l, [V2 <8) /2, ^^3 <8) /s]] - [V2 /2, [^1 /l, V3 (g) /s]] 

for all E and G C((^))(ci^)^~'^* (i = 1, 2, 3). Let us denote the right hand side 
of the Jacobi identity by Jr. By definition of the bracket we see that 

m, n=0 ' ' S S 

11 



We now apply the commutator formula to the right hand side so that 

oo m 

^ (^\ T / T / N N ^ Ct'72 



'"^ ^ /m\ d"^ fi d^ /2 



m, n=0 j=0 

Set i = m + n — J and eliminate m; 



= £ T|^Ji+,-Ai-A.+2 (J,-Ai+l(^^l)^^2)^^3 ® ^ (^-^2) -^^^ 
XI ^•^■-Ai+l(^^l)^^2 ® -TT^f2,V3 ® /a 

= [[vi 0fuV2<S) /2], O /a] . 



□ 



Definition 2.1.2. Let V be a chiral vertex operator algebra. The Lie algebra QiV) with 
the Lie algebra structure 

A1+A2-I ^ ^rn 

[JiVl,fl),Jiv2,f2)]^ J2 ;;^"^^"^"^-^l+1^^1^^2,-^/2) 

m=0 ■ 

is called the current Lie algebra associated to the chiral vertex operator algebra V. 

For any v E Va and n G Z we set Jn{v) = J{v,^^~^^~^). Specifically for v = T we 
denote T(n) = J(T,f^+i). 

We could also do the whole story for 0^^q Va ® then we get a 

graded Lie algebra q{V)'^ — 0nez0(^)n where Q{Vy^ is linearly spanned by Jn{v) {v e 
V). We see that g(V^)''^ is a Lie subalgebra of Q{y) and that J„(T'(— l)v) = —{n + 
^)Jn{v) for all f G Va and n G Z. 
/?emar^ (1) J„(|0)) = for all n 7^ 0. 

(2) Let Vi G Vai and ^2 G V/^^. Then 

A1+A2-1 / _^ ^ _ 2\ 

[Jm{Vi),Jn{v2)]= ^ { ) ^m+n(^i-Ai+l (^^1)1^2) , 

and in particular the linear map — > End^V defined by Jn{v) — J{v, ^"■+^~^) i— > 
Jn{v) for all I) G Va and n G Z is a Lie algebra homomorphism. 

(3) The vector space Vir{V) = ^^^j^CT{n) ® CJo( |0)) is a graded Lie subalgebra of 
g{V)f, and has the bracket relations 



m'^ — m 



[T{m),T{n)] = (m - n)T(m + n) + '5^+n,oCyJo( |0)), [T(n), Jo( |0))] = 0. 
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2.2 Current algebras 

We set d{V)>o = F''q{V){= Foq{V)) and q{V)^o = 0„<o0(^)/- The vector spaces 
q{V)>o and g(K)<o arc Lie subalgcbras of g{V) and g{V) = q{V)^o © 0(^)>o- Since 
g(y)<o is a Lie subalgcbra of ^(V^)-'^, the notation 0(V^)<o also used. Let U{g(y)) 
be the universal enveloping algebra of the Lie algebra q{V); there is a canonical vector 
space isomorphism U{g{V)) = U{g{V)^o) U{g{V)>o). For any p e Z we define a 
vector subspace of U{g{V)) by 

F^U{g{V))= Yl F^'9{V)---F''m, 

PI A \-pr>P 

where we suppose that C ■ 1 C F^^ U{g{V)) for all p < 0, which defines a decreasing 
filtration. Then U{q{V)) becomes a filtered algebra and a filtered Lie algebra with the 
canonical Lie algebra structure; for all p, g G Z 

FP U{q{V)) ■ F<^ U{q{V)) C Ff+« U{q{V)), 
[FPU{q{V)),F'^U{q{V))] C FP+W{g{V)). 

The filtration F^ {p G Z) on U{q{V)) induces a decreasing filtration on U{q{V)^o) and 
U{q{V)>o) such that F^U{g{V)<o) = and F^U{q{V)>o) = C/(5(F)>o), respectively. 
We note that for every p G Z 

U{q{V)) = Yl ^(s(^)<o) • F^' U{q{V)>o). 

Pl+P2=P 
Pl<0,P2>0 

For any fixed p G Z we introduce a decreasing filtration on FPU{g{V)) by setting 
F^U{q{V))= J2 FP^U{q{VU)-FP'U{q{V)>o) for TV G Z>o. 

Pl+P2=P 

pi<0,p2>N 

Then by definition F^; U{q{V)) ■ F^l U{q{V)) C F^f ^7(0(1^)) for all pi, p2 G Z and 
TVi, AT^ e Z>o, and if TVi +p2 > then F^^ U{g{V)) ■ F^l U{q{V)) C [/(^(y)) 
by the commutator formula. We now set 

U{9{V)) = hm F^ ^(0(V))/F^ U{q{V)), 

N 

i.e., F^ [/ (^(V^)) is the formal completion of F^ U {g{V)) with respect to the linear topol- 
ogy induced by the filtration F'^ {N G Z>o). Since FP+^;7(g(y)) = Fp+^U{q{V)) n 
F^ for all p G Z and G Z>o we see that 

. . . D Ff D F^'+i D . . . and Hp F^ U{q{V)) ^ 0. 
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We set U{g{V)) — UpFPU{g{V)), which is a complete algebra over C and satisfies 

U{g{V)) ■ F« U{g{V)) C U{q{V)), 
[FpU{q{V)),F'^U{q{V))] C Fp+'^U{q{V)). 

Definition 2.2.1. Let 55 (F) be the two-sided ideal of U{g{V)) generated by Jo(|0)) - 1 
and the associativity relation for all Vi e Vai, ^2 £ and m, n & i.e., 

oo 

Jm{Jnivi)v2) - ^^(-l)' 
j=0 

X (jj,^j{vi)Jm-n+j{v2) " (-1)''^^^'^ Jm+Ai-j-l{v2)Jj-Ai+l{Vl)) ■ 

We set U{V) = U{g{V))/^{V), which is called the current algebra associated to the 
chiral vertex operator algebra V. 

Remark 2.2.2. (1) Let FpU{V) {p e Z) be the filtration induced by FpU{q{V)). Then 
the current algebra U{V) is a filtered algebra and a filtered Lie algebra. 

(2) The commutator and associativity formulas hold onU(V) as well as J„(T(— l)u) = 
— {n + A.)Jn{v) and Jn(|0)) = 5n,ol for all v eVa and n e Z. 

2.3 Modules for chiral vertex operator algebras 

Definition 2.3.1. Let F be a chiral vertex operator algebra. A module M for F is a 
W(y)-module such that 

(a) M is a finitely generated W(V^)-module. 

(b) For any m e M the vector space F^U{V)m is finite dimensional. 

We denote by M.od{y) the category of ^-modules. The chiral vertex operator algebra 
y is a W(F)-module, and is generated by the vacuum |0). Since J„(v) £ Sndlj^V we 
see that F^U{V)v C 0J^LoVa, in particular, F^U{V)v is finite dimensional for any 
V &V so that y is a ^-module, which is called the vacuum module . 

Let M be a ^-module and {rUi} be a finite set of generators as a W(y)-module. 
The vector space W = ^^F°W(l^)mi is finite dimensional by the condition (b). The 
set F^U{V) is a subalgebra ofU{V), and is a F^U{V)-modvL[e. In particular, W is 
T(0)-invariant and is decomposed into a direct sum of generalized eigenspaces for the 
operator T{0). Since M — U{q{V){.q)W the F-module M is also decomposed into a 
direct sum of generahzed eigenspaces for T'(O). For any h E C we set 

M(^h) = {iTT' £ M I (T(0) — h)''m = for a positive integer k}. 

We note that Jn{v) : M(^h) M(^h-n) for all v G Va and n e Z. 



n + Ai - 1 

3 
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Proposition 2.3.2. Let V be a chiral vertex operator algebra and M he a V -module. 
Then there exists a finite set of complex numbers {hi} such that hi — hj ^ Z (i 7^ j) 
and M = ©;,gp(^,,) M^h), where P(M) = Uiih^ + Z>o). 

Definition 2.3.3. Given any f G Va we associate a formal power series 

J'\v,z) = J2Jn{v)z--~^ G (End M)[[z,z-% 

wliictL is called the nonabelian current over M associated to the vector v. 



3 Finiteness theorem for F-modules 
3.1 Finiteness condition 

Definition 3.1.1. Let F be a chiral vertex operator algebra and M be a module. For 
any integer > 2 we denote by Cn{M) the vector subspace of M, which is linearly 
spanned by vectors J^^^p{v)m for all v e Va (A > 0), m G M and p > n — 1. If 
dim M/C„(M) < 00 we say that the l^-module M satisfies the Cn-condition or that 
M is Cn- finite . 

We see that CalM) 3 C3(M) D . . . D C„(M) D . . . , and that if M is C„-finite for 
an n > 2 then it is C2-finite. Gaberdiel and Neitzke ( ||GN| , Theorem 11]) showed that 



that if a chiral vertex operator algebra V is C2-finite then it is C„-finite for all n > 2. 
We shall prove that if V is C2-finite then any V"-module is C„-finite for all n > 2 (see 
Corollary ^J^). 



3.2 Fermionic property of modules 

The current Lie algebra q{V) is a filtered Lie algebra with the filtration FPq{V) (p G Z). 
In this subsection we use another filtration which we denote by Gpg{V) (p G Z). 

Definition 3.2.1. For any integer p we set 

G'pt/« = 0VA®C((O)(rfO'"^ 

and denote by GpQ{V) the image of GpV^^'> under the canonical projection V^^'> 0(^)- 
We see that CpQiV) {p G Z) defines an increasing filtration on QiV); 

= G_ig(r) C . . . C GpQ{V) C Gp+ig(V) C . . . , VJpGpQ{V) = q{V). 

The commutator formula shows: 
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Lemma 3.2.2. [GpQ(y),GqQ{V)] C Gp+q-iQ{V) for any p, q e Z, and in particular 
q{V) is a filtered Lie algebra with the filtration GpQ{V) {p G Z). Then gr^ giV) = 
©j^oS^P 0(^) "^^ ^ graded abelian Lie algebra where gr^ q{V) = GpQ{V) /Gp-ig{V) . 

We set 



C (p<0), 
Ep,+...+p^<pGp,g{V) ■ ■■GpMV) (p > 0), 

which defines an increasing filtration on U{q{V)). This filtration induces an increasing 
filtration on U{q{V)) since the filtration GpU{Q{V)) (p G Z) is compatible with the 
filtration F^U{g{V)). Let GpU{V) [p G Z) be the filtration on U{V), which is induced 
by GpU{Q{V)). 

Proposition 3.2.3. The current algebra U{V) is a filtered algebra, i.e., GpUiV) ■ 
GqU{V) C Gp+qU{V) for any integers p and q. Moreover [GpU{V),GqU{V)] C 
Gp+q-iU{V), and in particular gr^Uiy) — 0^oS^p ^(^) ^'^ ^ commutative graded 
algebra where gr^U{V) = GpU{V)/Gp^iU{V). 

Let GpU{g{Vy) (p G Z) be the induced filtration, i.e., GpU{Q(Vy) = GpU(Q(V)) n 
U{Q{V)f). Then g'rf U{g{V)f) is a commutative graded algebra, and there is a canon- 
ical isomorphism 

grf U{g{Vy) ^ grf U{g{Vy^,) ® grf U{g{Vy^,). 

The filtration FpU{V) {p G Z) induces a filtration on gT^U{V) so that gT^U{V) be- 
comes a filtered graded commutative algebra. 

Let us introduce a good filtration on a V-module M. By definition of a V-module 
there exists a finite dimensional F°Z^(y)-submodule W such that the canonical UiVy 
module homomorphism 

is exact. We set G-iM = and GpM = GpV({V)W for all nonnegative integer p, which 
defines an increasing filtration on M such that GpU{V)GqM C Gp^qM. In particular 
grf M is a gr^ W(\^)-module. The vector space grf M is also a gr^ [/(0(\^)-^)-module. 
Note that GpU{Q{Vy)W = GpM for all p. 

Proposition 3.2.4. The graded gr^ U{V) -module grf M is generated by gr^M — W 
as a gif U{g{Vy^Q) -module. 

In other words the canonical gr^ C/(g(y){-Q)-module homomorphism 

gr^ f/(0(\/)^o) (g^^W^gr^M^O 
is exact. Note that there exists a canonical graded algebra homomorphism 

gr«C/(s(y)g = 5(grfs(y)g 
where S{R) denotes the symmetric algebra of over a graded vector space it! . 
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Lemma 3.2.5. For any v G C2(y) the element of gr^ U{V), whose representative is 
Jn{v) (n e Z), trivially acts on gr^M. 

Proof. We can assume that v = J-Ai-p{vi)v2 {p > 1) with vi G Vai and V2 G Vaj- 
On the one hand \v\ = Ai + A2 + p and Jn{v)GgM C G'ai+A2+p+(j^! while the right 
hand side of the associativity formula for Jn{v) belongs to Gai+A2^(^)) ^-iid then 



Let g{V)-^''"'^ be a graded vector subspacc of q{V)-^ , which is linearly spanned by 
Jn{v) where v G C2(y) and n G Z. We set u = grf g(V)-^/ grf g(V')-^'^2_ xhen the 
action of gr^ U{g{V)-f) = S{gr^ q{V)^) on gr^ M induces an action of the commutative 
algebra ^(u) on gr^M. We now set u<o = g^^ q{V)<o/ g^^ q{V){:o'' where 0(^)<o^^ = 
n 0(l^)<o; the set u<o is canonically a vector subspace of u and gr^M = 
5(u<o)gr^M. 

Let L'^ be a graded subspace of V such that V = U ©C2(^) ©C|0). Then the graded 
vector space u<o is linearly spanned by vectors [Jn(f^)] < 0) for v E U. We note 
that gr'Zi M — and gr^ M — W, while for any positive integer p the space gr^ M is 
linearly spanned by vectors 



where vi, . . . ,Vr E U such that \vi\ — p. 

Lemma 3.2.6. Let Vi G Vai and V2 G Vaj- For any integer m there exist integers 
(^ij {hj £ ^) that 



Jn{v)GqM C Gai+A2+<7 



M. 



□ 



J-n^{Vi) ■ ■ ■ J-nriVr)w (w G VF, Ui > 77,2 > • • • > > 0) 



J-rn{vi)J-m{v2) = J-2m{J-Ai{vi)v2) + 




i+j=2m 



Proof Since the associativity formula 



oo 



J_2m(-^-Ai(^'l)t'2) = ^2 (■^-Ai-j(^^l)'^-2m+Ai+j(^^2) + J-2m+Ai-j-l{v2)Jj-Ai+l{vi)) 
3=0 



holds for all integer m we get for m > A 



oo 
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while for m < Ai — 1 

J-m{Vl)J-rniv2) = J -2m{J -aA'"i)'"2) 
oo 

- J-Ai-j(fl)^-2m+Ai+j(f2) - J_2.m+Ai-i-l(^^2)^i-Ai+l(^^l)- 

j=0 j>0 

j^Ai— m— 1 

□ 

The fermionic property of \^-modules means: 

Theorem 3.2.7. Let V be a chiral vertex operator algebra and M be a V -module. 
Let U be a graded vector subspace of V such that V = U (B C2{V) © C|0). For any 
nonnegative integer p the vector space gr^ M is linearly spanned by vectors 

J-m (vi) ■ ■ ■ J-nrMw {w e W, Ui > n2 > . . . > Ur > 0) 

where f i, . . . ,Vr E U and Y7i=i 1^*1 = P- 

In order to prove the theorem we first show that the following statement S{p,N) 
holds for any nonnegative integers p and A^; 

S{p, N): The vector space gr^ M is linearly spanned by vectors 

J-m (vi) ■ ■ ■ J-nrMw {w e W,ni > n2 > . . . > Ur > 0) 
where Vi, . . . ,Vr E U such that J2l=i l"^*! — if < ^ 7^ j)- 

We will prove the statement S{p, N) by induction with respect to the lexicographic 
order on (p, N) G (Z>o)^ The statement S(0, A^) holds for all N. We suppose that the 
statement holds for any pair which is strictly smaller than {p, N). Then by S(p, — 1) 
any vector in gr^ M is a linear combination of vectors 

where ni > n2 > ■ ■ ■ > n^. > N > mi > . . . > rrit > Q and J'^ = J^n{vi) ■ ■ ■ J_n{Vs). 
We set F = J_.„j(ui) ■ ■ ■ J_„^(ur) and K* = J_m^{wi) ■ ■ ■ J_,^^{wt). Applying Lemma 



w. 



3.2. 6| to J'^ we see that 

rr^'w = rr-^j_2NiJ-A.-^{vs-i)vs)K'w+ ^ Q,rr~v_i(t;,_i)j_,(t;,)K* 

i+j=2N 

In the second term in the right hand side of the equation in the previous text we 
see that either i > N ot j > N. We then can apply S{p — 1,N) to either the term 
J'^^^ J_j(t's)K*w or J'^^^ J_i(fs_i)K*w in order to get the desired expression. Now in 
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the first term we replace J-As-i{'Vs-i)vs hj u + C2{V) for a suitable u & U so that 
rr-'^J_2N{J-As-i{vs-i)vsWw = rj_2N{u)r''^K^w in gr^M. Now the induction on 
s can be applied to prove the statement S{p, N). 

We now give a proof of Theorem |3.2.7| . Let M = 0/igp(M) ^(h) and set a = 
min {Re h\h & P(M)}. We will show that for any h G P{M) any vector from gr^ M(^h) 
has the desired expression. We suppose that 

J-ni{vi) ■ ■ ■ J^„,ivr)w E gip M(^h) and weWnM^h'), 

where ni > n2 > . . . > > 0. Using S{p, N) for a positive integer such that > 
Re h—a+1 we can assume that rii ^ rij [i ^ j) if rii, rij < N. Now ni + - ■ ■+nr = h—h', 
and in particular rii < Iie{h — h') < N. So we get rii ^ Uj for all i ^ j- 

Corollary 3.2.8. Let V be a C2-finite chiral vertex operator algebra and M be a V - 
module. 

(1) M is Cn-finite for all n > 2. 

(2) Let M = 0/igp(Af) M(^h)- Then Mi^h) is finite dimensional for all h G P{M). 

Proof. Let ?7 be a finite dimensional graded vector subspace of V such that V = 
U © C2{V) © C|0). Any element of M is a linear combination of vectors 

v{n,w) := J-mivi) ■ ■ ■J-nr{vr)w {w e W, Vi, . . . ,Vr E U, Ui > n2 > . . . > n-r > 0). 

If ni > |t>i|+n — 1 then v{n,w) G C„(M). Otherwise Ifil+n > ni > ?7,2 > . . . > > 0, 
and for fixed f i, . . . , f r the choice of such (rij) is finite. Now since U is finite dimensional 
we see that M/Cn{M) is finite dimensional. 

Suppose that w E W H M(^ho) and v{n, w) G M(^h)- Then we see that hQ + ni + ■ ■ ■ + 
Ur = h; only a finite number of Ui > n2 >...> Ur > satisfy this condition so that 
the vector space M(/i) is finite dimensional since U is finite dimensional. □ 

We can characterize V^-modules in terms of nonabelian currents as we have done 



for a chiral vertex operator algebra in §|T]^. Let M* = 0/jgp(M) ^(h) graded 



dual of a V^-module M, and ( , ) be the dual pairing between M* and M. Fix 
m E M and m* G M*. For any Vi G and V2 G the formal power series 
(m*| J*^(t>i, zi) J*^(f2, Z2)\m) absolutely converges on the domain |2;i| > |z2| > and is 
analytically continued to a rational function on x with possible poles on zi = Z2, 
Zi = {i = 1,2) and Zi = oo {i = 1,2). We use the same notation to denote this 
rational function. The formal power series (m*| J^^( J(t>i, Zi — Z2)v2, -22)!"^) absolutely 
converges on the domain < \zi — Z2\ < \z2\ and is analytically continued to a rational 
function on P^ x P^: we have the 52-symmetry and the operator product property 

{m*\j''{vuZ,)j'''{v2,Z2)\m) = {m*\j'' {v2, Z2)J^\v,, z,)\m) 

= {m*\.J^''{J{vi,Zi- Z2)v2,Z2)\m) 

= (jn*\J^'\j{v2,Z2 - zi)vi, zi)\m) . 
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Remark 3.2.9. Let M be a graded 0(V^)-^-module. For v e Va we set J^{v,z) = 
^^g^ J„(f G {£nd^ M)[[z,z~'']\. Then g(K)'^-module structure is uniquely ex- 

tended to a W(V^)-module structure if and only if all nonabelian currents J*^(f , z) have 
the 52-symmetry, the operator product property, and Jo(|0)) = idM- 

3.3 Zero-mode algebras 

We set 5 = U{y)F^U{y) and 3° = n F^UiV). The set ;i is a left ideal of UiV) and 
5° is a two-sided ideal of F'^UiV). We note that = J2n>i F~''U{V) ■ F^'UiV). We 
set A^iy) = F^U{V)/Z^, which is an associative algebra over C with a unit 1. 

Definition 3.3.1. Let V be a chiral vertex operator algebra. We call A^iV) the zero- 
mode algebra associated to V . We denote by [Jol"^)] G V) the element of A^iy) being 
represented by Jq{v). The category of finite dimensional Ao(V^)-modules is denoted by 
ModiA^iy)) . 

Proposition 3.3.2. (1) Let U he a graded vector subspace of V such that V = U (B 
C2(y). Then AoiV) is linearly spanned by { [Jo{v)] \ v E U}. 

(2) Let 21 be the vector subspace of Ao{V), which is linearly spanned by { [Jo{v)] \ v G 
Va (A > 1) }. Then 21 zs a two-sided ideal of AQiV), and the quotient algebra Aq{V)/^ 
is one dimensional Aq{V) -module which is generated by [1] where 1 = Jo(|0)). 

Proof. By using the associativity and commutator formulas we see that for any vi G Vai 
and V2 G 

Mvi)Mv2) = MJ-aAvi)v2) 

- E E (^'~^ '^)MJk- A,+i{v2)vi) mod/. (3.1) 

1-Ai<i<0 k=0 ^ ^ 

Since Aq{V) is linearly spanned by vectors [Jo(^i)] • ■ ■ [-^o('i^n)] the induction on the 
number of products shows that AoiV) is linearly spanned by vectors [Jo('i^)]5 v eV. 
Now for any Vi G Vai and f 2 G Vaj and p > I 

MJ-A,-P{V,)V2) = (-l)^+^^+'(^^I J) Jo(t^2)Jo(t^l) 

0<j<Ai-l \ J + 1 / V / 

fc>0 

The induction on the filtration on AoiV) induced by FpV = ®a<pVa {p ^ ^) applied to 
the equation in the previous text as well as ( p.l|) shows that A^iy) is linearly spanned 
hy {[Uv)]\veU}. 
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If Ai > 1 and A2 > 1 the nonzero multiple of Jo(|0)) never appears in the right 
hand side of (|3.1| ) so that the set 21 is a two-sided ideal of Aq{V). We now note 
that dimy4o(V)/2l < 1 and Vq = C|0) is an Ao(V)-module by (1). Then we see that 
Ao(\/)/2t ^ C. □ 

DefimUon 3.3.3. Let M be a 1/-module. We set HW(M) = {m e M \ 0(V")(o^ = 0} 
and CnW{M) = M/g{V){oM, which is called the space of highest weight vectors of 
M and the space of co-highest weight vectors of M , respectively. 

Lemma 3.3.4. Let M ^ be a V -module. Then ?iW(M) 7^ 0, and it is canonically 
a left A^iy) -module. 



Theorem 3.3.5. Let V he a C2-finite chiral vertex operator algebra. 

(1) The zero-mode algebra A^iV) is finite dimensional. 

(2) The number of simple objects 0/ A^od(Ao(V^)) is finite. 

(3) The AQ{y)-module 7YW(M) is finite dimensional. In particular 

nW : Mod {V) Mod {A^iy)) 

is a functor. 

(4) Let W be a .simple Ao{V)-module and set M{W) = U{V) ^fou{v) W. Then M{W) 
is a V -module, and there exists a unique maximal proper V -suhmodule N{W) so that 
L{W) = M{W)/N{W) is a simple V -module. 

(5) The map W t— > L{W) define a bijective map between the set of equivalent classes 
of finite dimensional simple AQ{V)-modules and the set of equivalent classes of simple 
V -modules. 

(6) Let M be a UiV) -module such that M = 0/igp(M) ^(?«) where M(^h) = {"^ ^ 
M I (T(0) — /i)"m = for some n G Z>o}- Then M is a V -module if and only if 
dimM(-/i) < 00 for all h. 

(7) For any V -module M there exists a composition series; 

= FqM C FiM C . . . C F^M = M 

where FiM {0 < i < n) are V-modules and FjM/Fj_iM(l < i < n) are simple V- 
modules. 

Proof. The statements (1) and (2) follows from Proposition ^.3.21 (1). We give proofs 
for the statement (3)- (6). The existence of a composition series (7) can be proved by 
the standard argument. 
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(3) Suppose that HW{M)nM(^h) 7^ 0. Then there exists a simple y4o(V^)-submodule 
of 7^W(M) on which T(0) acts as h id. However the number of such an h is finite since 
Aq{V) is finite dimensional. 

(4) Since W is simple ylo(l^)-module T(0) = hidw for some h E C Then M(W) = 
^h+n where Mh' = {m G M \ T(0)m = h'm }. Let be a proper \^-submodule 

of M{W). Then = 0„>iiVft+ri otherwise = M{W) since W is simple, so that 
the sum of proper l^-submodules is again proper. We now set N{W) to be the sum 
of all proper ^-submodules of M{W). Then N{W) is the unique maximal proper 
\/-submodule of M{W). 

(5) Let M be a simple V^-module and W he a. simple y4o(V^)-module in M; such 
a simple module exists as shown in (3). Since M is simple we see that the canonical 
U (y)-modu\e homomorphism U{V) ^f"u{v) — ^ M — >• is exact. The kernel of 
this sequence is the maximal proper W(V")-submodule since M is simple, and then 
L{W) = M. 

(6) We suppose that M = 0/j£P(m) ^(/i); dimM(/i) < 00. For any m G M(^h) "we 
see that F^lA{y)m C ©^o^^C^-")' ^"^^ ^^^^ F^U{y)m is finite dimensional since 
M(^h-n) = for sufficiently large n. 

Let S be the maximal finite set of complex numbers such that each of whose ele- 
ments is a generalized eigenvalue of T(0) on a finite dimensional y4o(V") -module. We 
set W = ©/igp(A/)ns' 5 l^t be the Z//(V^)-submodule of M generated by 
W. Since the V^-submodule A^ is finitely generated it suffices to show that M = N. 
We now suppose that A^ is a proper ZY(l^)-submodule of M. By definition M/N = 
®heP{M)\s(^/-^)w- Then there exists a nonzero Ao(K)-module in M/N, and we see 
that P{M/N) n S 7^ which is a contradiction. □ 

4 Duality 

Let M be a V^-module and M* be its graded dual. Following Frenkel-Huang-Lepowsky 
FHLf the 0(V^) -^-module structure on M* is introduced. It is proved that the graded 



dual M* becomes a V^-module in our sense if V is C2-finite. 

4.1 Anti-automorphism for current Lie algebras 

We define a linear map : QiV)^ diV)^ by setting 

00 ^ 

eUJv)) = (-1)"^ y -J-JT(iyv) for w G 1/a and n G Z. 
i=o ■ 

Proposition 4.1.1. The linear map 9 : 0(V^)-^ — ^ diy)-^ is an anti-Lie algebra involu- 
tion. 
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In the following we will prove the proposition. The fact that 6 defines a well- 
defined linear map is not obvious; one has to show that 6 preserves the relation 
Jn(T{—l)v) = — (n + A)J„(t>) for all v & Va and n E Z. But it follows from 
the formula [T(1)^T(-1)] = 2jT{iy-^T{0) - j{j - l)T(l)-'-^ note that the set 
{T(-l), T(0), T(l)} forms the Lie algebra s/2(C). 

We set J%v,z) = Y.n&d{Jn{v))z-''-^ so that J%v,z) = J{e'^^^\-z-Y^^h,z-^). 
The fact that 9 is an anti-Lie algebra homomorphism is a consequence of the formal 
conjugation formula due to [ l^'ML] , Lemma 5.2.3]: 

Lemma 4.1.2. (1) As elements of Q{y)^z , z~^]] 

/i^(°)j(t;,z)/i-^(°) = J(/x^(°)^;,/.z) for G C^ 
(2) As elements of q{V)\[z, z'"" ,t]] 

e*^(^) J(t;, ^)e-*^(i) = J (e*(^-*^)^(^)(l - tz)-'^^'\, z/{l - tz)) , 
where the binomial expression in the right hand side is expanded as 

(1 - tz)" = f^^-iy (^^t^z^ for all n G Z. 
We will prove the formula 

[J\v2,z2),e{JUvi))] 

Res J\j{vi, zi - Z2)V2, Z2)zT^^'~^ dzi 



Zl=Z2 

A1+A2-1 



(4.1) 



- ^ 1 . I J {Jj-A,+l{Vl)V2,Z2)Z2 

Then applying the commutator formula to the right hand side we see that 

[e{Jn{v2)), OiMvi))] = 0i[JUvi), Jn{v2)]), 

i.e., the linear map 6 is an anti- homomorphism. 

To prove (|4.1| ) we first note that that the commutator formula is equivalent to the 
following formal equation in g(V^)-^[[2;i, ^, Z2, -2^^]] 

[Jra{Vi),J{v2,Z2)] = ReS J{J {Vi, Zi - Z2)V2, Z2) z"^^^^"^ dZi, 
Zl=Z2 

where the right hand side is defined by ResJ{J{vi,w)v2, Z2){z2 + w)'^~^^^~^ dw. We 

ui=0 
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now see that 

oo 



i,j=0 



oo i-2A2 



_^)Ai+A2+i^-2A2 j^gg J(J(e^i"^(i)t;i,^i - z,')e''''^''^V2,z^')zr'^^''^-Uz,. 



21=22"^ 



Using the conjugation formula (z = Z2, t = Z2 ^(1 — -21/2:2)) we see that 

J\J{V,, Z, - Z2)V2, Z2) = (-l)^^+^^^2"2^^-^^V(e^^^(l) J(t;i, Z,\l - Z,/Z2))V2, z^') 

= (-l)Ai+A2^-2Ai^-2A2j^j^g2iT(l)^^^^-l _^-l)g22T(l)^^^^-l)_ 

We now get the desired formula after the change of variables Zi z'{^ . 
By very definition of J^(f , z) we see that 

{.f)\v,z) = J(e^^«(-z-2)^(o)e^"'^(i)(-^2)r(o)^^^)^ 

and that iJyiv,z) = J{v,z) by (-^2)T(o)g2T(i)(_^2)-T(o) ^ ^-z-'m) ^^^^ [[fhL| , 
5.3.1]), so 6'^(J„(t>)) = Jn{v), i.e., 6* is an involution. 



4.2 Duality operation for modules 

Let ^ be a C2-finite chiral vertex operator algebra. Recall that any y-module M 
has the decomposition M = 0/jgp(M) where dim M(^h) < 00 for all h G P{M). 
We set D{M) = ®hfzpi^M)^(h) ^^"^ introduce a 0(V^)-'^-module structure on D{M) by 
{Jn{v)(f,m) = {(f,6{Jn{v))m) for all (f G /^(M) and m e M. 

Proposition 4.2.1. Lei V be a C2-finite chiral vertex operator algebra. 

(1) The q{V)^ -module structure on D{M) is uniquely extended to a U{y) -module struc- 
ture, and D{M) is a V -module. 

(2) D : A4od{V) — > Aiodiy) is a contravariant functor such that D{D{M)) = M for 
anyMe Ob(;Wod(V)). 

By Remark p.2.9| it suffices to verify the iS2-symmetry, the operator product prop- 
erty and Jo(|0)) = id . Then D{M) is a V^-module by Theorem p.3.5| (6). Let vi G Vai 
and V2 G Va2- Using the iS2-symmetry of a V"-modules we see that the formal power 
series {m*\J^{vi, zi)J^(v2, Z2)\m) G C[[2;i, 2;]"^, 2:2, -2^^]] absolutely converges on the do- 
main \z2\ > \zi\ > 0, and is analytically continued to a rational function on x P^, 
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whose poles are located at zi = Z2 and Zi = 0, Zj = oo = 1,2), and that S2- 
symmetry follows from the one of the V^-module M. The operator product property 

{m*\j\vi,Zi)j\v2,Z2)\m) = {m*\j\j{vi, Zi - Z2)v2, Z2)\m) 

on < 1^1 — Z2I < also holds by virtue of 



which is derived by Lemma ^.1.21 , and the operator product property for (J, M). Finally 



e{Jo{\0))) = Jo(|0)) so that Jo(|0)) = id on D{M). 

Remark 4-2.2. The operator product property gives rise to the identity 

J\J<%V^, Z, - Z2)V2, Z2) = f'>\v,, Z,)J\V2, Z2) + J\V2, ^2) ^l) 

on the domain < |zi — Z2\ < \zi\, \z2\. 
5 Conformal blocks 

5.1 Meromorphic forms and Lie algebras 

Let = C U {oo} be the projective line and z be its canonical affine coordinate. 
We denote by if°(P\ the vector space of global meromorphic (1 — A)-forms 

on ¥\ and set = 0^=o ® H'>{F\n'-^{*)) and HiVY"^ = 0a=o ® 

H°{F^,fl-^{*)). Define a linear map V : n{VY^'^ H{VY^^ by 

V ® f{z){dz)-^ ^ T{-l)v ® f{z){dz)-^ + v® ^l^i^dzf-^ {v G Va), 

and set 0(V";P\*) = 7^(V)(^VVH(V')^°^ Introduce a bilinear operation [ , ] : 
7^(V^)(i) ^ n{VY^^ by 

[V, ® Mz)idzY-^\V2 ® f2{z)idzY-'^'] 

m=0 



Using the exactly same argument given in the proof of Proposition |2.1.1| we get: 
Proposition 5.1.1. The vector space q{V; P^, *) is a Lie algebra with the bracket [ , ]. 
For any point w G P^ we define = z — w for w oo and = z, and set 



fC((U (^T^OO), 

lc((C^) 



[w = oo). 

We note that the local parameter ^oo has the pole at 2; = oo of order 1. 
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Definition 5.1.2. (1) For any w G P"*^ we define the linear map i^, : -?/°(P^, — >■ 
^■w{,d^w)^ by taking the Laurent expansion at z = w in terms of the variable We 
often use the notation iwf{z){dz)^ = fw{^w){d^w)'^- 

(2) For any w G P^\{cxd} we define the hnear map '■ 0(^;P"'^,*) — * diy) by f (8> 
f{z){dzy~^ 1-^ t> eg) fw{^w){d^wy~^, while foTW = oo we define the linear map joo 
by f ® f{z){dzy^^ 1-^ — ^ ® /oo(^oo)('^'Coo)^~^) 5 where 6* is the anti-Lie algebra 
involution of g{Vy defined in §|]l|. More precisely, let /oo(^oo) = E„<no /oo,n ^Sd^^"^- 
Then we define 

Joo (t^ ® = - ^ /oo,n^ (JnM) • 

n<no 

Recall that 9 (J„(f)) = (— 1)^ J_„(e^^^^w) so that the infinite sum in the previous text 
defines an element of q{V). 



Proposition 5.1.3. For any w G P"^ the linear map : g{V;F^,*) diV) is a Lie 
algebra homomorphism. 

Remark 5.1.1 Let v G 1/a, f{z){dzy-^ G H'^{¥\n^-^{*)) and M be a 1/-module. 
Then 

joo {v ® f{z){dzy'^) U = Res (w,^oo) /oo(^oo)m ^^oo 

§00=00 

for all M G M since Res g{^oo)d^oo = -Q-i for 5'(^oo) = Z]n«ofi'n^SD ^ ^oo • 

§00=00 ^ 



5.2 Space of covacua and conformal blocks 

Let A = {1, 2, . . . , N, oo}, and fix a set of distinct + 1 points Wa G P"*^ (a G A) 
with Woo = oo, which is denoted by wa = (w^a)aeA- We often identify the index set A 
with the set of distinct points wa by the correspondence a Wa- As in § p.l| we write 
= z - Wa {a oo) and ^oo = z. 

Let (a G A) be \^-modules. Define Qa{V) = 0„g^ Q{V)a, where each 0(\^)a (a G 
A) is a copy of the current Lie algebra QiV). The vector space 0a(^) is naturally a 
Lie algebra, and the tensor product vector space Ma = <^^^^M°- becomes a QAiVy 
module by pA ■ 0a(^) End Ma, where pa = J2aeAPa Pa (ct G A) is the action 
of Q{V)a on the a-th component of Ma- 

Let H^(F^,Q^-^{*WAy be the vector space of global meromorphic (1 — A)-forms 
on P-*^, whose poles are only located at Wa (a G A). We set 

oo / oo \ 

0(1^; F\ *wa) = ® H^i^y fii-^(*«;^))/V Va ® ^^°(P\ ^^-^(*«;^)) • 

A=0 \A=0 / 
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Then g{V; P^, *wa) is a Lie subalgebra of g{V; P^, *), and the hnear map 

is a Lie algebra homomorphism for all a & A. We denote by q'^^{V) the image of the 
Lie algebra homomorphism j^^ — ^^eAJwa '■ di^'j^^^ *wa) Qa{V) , which is a Lie 
subalgebra of Qa{V). 

Definition 5.2.1. We call the vector space V^^(Af4) = M^/ Q°^1{V)Ma the space of 
covacua at wa, and call the dual space V^^(M^) = Homc(V^^(Myi), C) the space of 
conformal blocks at wa- 

5.3 Systems of current correlation functions 

We give the definition of system of current correlation functions, and state several 
properties of them. Let A = {1, 2, . . . , N, oo} and fix wa = {'Wa)aeA £ (P-'^)^''"-^ 
such that Wa ^ Wi,{a ^ b) with Woo = oo. For any nonnegative integer m we set 
[0] = 0, and [m] = { 1, . . . , m} for m > 1. For all {zi)i(z[m] G (P^)™" we define divisors 
Da,i = { Zi = Wa} and Dij = { Zi = zj } {i ^ j). Let M" (a G A) be ^-modules and 

m 

. ^< . 



set Mi^i^A = y • • • y O Ma. 

Definition 5.3.1. The set {^m}m=o called a system of current correlation functions 
at Wa if it satisfies the following set of axioms: 

(a) $m is a multilinear functional on M[m],A with values on meromorphic forms on 
(P^)™ , i.e., for any Vi G Va, (1 < ^ < m) and u e Ma its value $m((g)™ifi ® 
u) is a meromorphic (Ai, . . . , A^)-form on {zi)i^[ra\ ^ (P^)™. In particular $o ^ 
Homc(MA, C), which is called the initial term of the system. 

We denote $m(0i=i i^i^u) by $^("^^1, • • • , Vm] u)(^zi,...,zm) when we need to indicate the 
dependence of the variables Zi, . . . ,Zm- 

(b) $^(^1,... e i^°((P^)'",f^^"-^'(E,„*^a,. + E.^,*A,,)) for aU 
positive integers m. 

(c) <l>m is 5m-invariant, i.e., for any a e Sm 

^m{Va(l), Va{2), ■ ■ ■ , Mm)', (z^(i),z^(2)- ,z,(m)) = ^m{vi, V2, . . . , t^m; 22,... ,2m) ■ 

(d) The meromorphic form ^m+i{v,vi, . . . ,v„i;u)(^z.zi zm] ^ ^a) has the following 

Laurent expansion ai z — Wa{a & A) and z — Zi{l < i < m): 



'^^rniVl,... ,Vm;pa{Jn{v))u)^^^^^^^^^{z-Wa) "^^{dz)^ (oT^Oo), 
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and 



,Zl ,Zm) 

= "^^mivi,... ,Jn{v)Vi,... {z - Zi^'^idz)^ . 

(e) For any 1 < i < m 
d 

— ^rn{Vi,... ,fm;M)(2i,...,^„)'^2;i = ^rn{Vi, . . . ,T{-l)Vi, . . . , t^^; (^i,... • 

We denote by CoTw^{Ma) the set of all systems of current correlation functions at 

wa- 

Note 5.3.2. We often denote $^(^1, . . . ,Vm'Tu)(^zi,...,z^) by 

($1 J(t;i, z{)--- J{v^, z^)\u){dzi)^' ■ ■ ■ (dzm)^"^ . 

Theorem 5.3.3. The linear map CoTu]^{Ma) — > Homc(iVC4,C) ({<l>m}^=o ^ ^o) 
duces an isomorphism Cor^^ (Ma) — V^^ (Ma) ■ 

Proof. We first show that for any {$m}m=o ^ Cor^^(M4) the initial term $o be- 
longs to the space of conformal blocks at wa, i.e., ^o{q'^^{V)Ma) = 0. Let v E 
and f{z){dzy-'^ G H°(f'^,n^-'^{*WA)). By the property (d) we see that = 
^o{pa{J{v,^a))u){d^a)^ and ^i{v;u)z = ^o{poc {J%v, ^oc))u){d^oo)^ in a nei ghbor- 
hood of z = Wa {a E A \ {oo}) and z = oo, respectively. So using Remark |5.1.4| we see 
that 

MPA{ju.Ay^fi^)idzY'^))^) 

= Res $o(pa {Jiv, U)fai^a) d^a + ReS $o (Poo (^^ (f , ^oo)) u) /oo(^oo) C^^oo 

= VRes <l>i(t;;iz),/(^) (rf^)i-^ = 0. 

■^^ ^ Z=Wa 

since , is a meromorphic 1-form whose poles are located only at ^ = 

Wa {a E A), and the total sum of residues is zero. Thus the linear map Cor^^(M4) — > 
VI,{Ma) is well-defined, and is obviously injective; the Laurent expansion uniquely 
determines the meromorphic form. 

In order to prove that the linear map is surjective we need the notions of 1-point 
and 2-point current correlation functions. The proof of the surjectivity shall be given 



in § |5^ after we study these current correlation functions. □ 
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5.4 1-point current correlation functions 

For any $ e V^^(Myi) we will construct ^i{v; u)(^z) for the system of current correlation 
functions with the initial term $. 

We set ICa = K^wa ('^ ^ aiid define the pairing between IC^ = 0ag^ A^a(<^Ca)^ 
and IC\-^ = ®,^Al^a{dQ'-'^hy 



where 



{Res/„(^a)o?^a (a 7^00), 

Res /ooUoo)o?Coo (a = 00). 
too =00 

Recall that 

are linear maps defined by the Laurent expansion. We set = ^aeA'^wa- The 
following is well-known as the strong residue theorem: 



Proposition 5.4.1. (1) The pairing { , ) is a complete dual pairing between complete 
topological vector spaces fC'^ and K}^^ . 

(2) f eiC^ andge IC]^^ belongs to i^^H^{F\n^{*WA)) and i^^H%¥\n^-^{*WA)) 
if and only if { f,i^^H%F\n'-^{*WA))) = and {i^^H%F\n^{*WA)), g) = 0, re- 
spectively. 

Proposition 5.4.2. For any $ e VI,^{Ma), v eVa andu e Ma there exists a unique 
element ^i{v;u)(^z) £ H^(F'^,^^{*wa)) such that 



I 



* iPa {Jn{v))u) C"-^(^^ea)^ (aj^Oo), 

J2 ^ (Poo (OiUv))) u) i^^-\dUt (a = 00). 



neZ 

Proof. Let us denote the right hand sides of the equality by gaiCa) ^oi a E A. Using 
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Remark |X4| we see that for any f{z){dzy-^ G H^(F\Q^~^{*wa)) 
{Y.ga{ia\^^Af{^){dzf-'')) 

aeA\{oo} neZ 

+ V Res $ (poo (OiUv))) u) C""^ /oo(eoo) rf^oo 
= V Res<l'(p,(J(t;,ea)Ma(ea))+ Res$(poo(J'(t^,eoo))n/oo(eoo)) 

aeA\{oo} 

= $ (pa ® = 0. 

We now see J^aeA 9a{ia) G by Proposition |Xl] (2). □ 

Remark 5.4-3. (1) The 1-point current correlation function (^i{v\u){^z) associated to 
a conformal block $ is a meromorphic A-form on P^, and its poles are located at 
z = Wa{a & A). 

(2) In terms of the nonabelian current J(f , z) the proposition is also stated that in a 
neighborhood oi z = Wa{a E A) 

'^^^^ \^{p^{j%v,z))u){dz)^ (a = oo). ^'-'^ 

Definition 5.4.4- Let $ be an element of V4^(Ma), and v G Va, m G M^. The form 
G iJ'^(P^, in the proposition is called the 1-point current corre- 

lation function associated to the conformal block $. To indicate that ^i{v;u)(^z) is 
uniquely determined by $ we often use the notation 

^i{v;u)^,) = {<^\J{v,z)\u){dz)^. 

Remark 5.4-5. Let {$m}m=o ^ system of current correlation functions at wa- Then 
the initial term $o is a conformal block, i.e., $o ^ ^i)^(^A) by the proof of Theorem 
5.3.31, and by definition $i is the 1-point current correlation function associated to the 



conformal block $o; for the property (e) see the proof of Proposition |5.7.1 



Proposition 5.4.6. Let wa = {wa)aGA ^ (P"'^)^^"'^ be a set of distinct points with 
Woo = oo, and {^m}m=o ^ system of current correlation functions at wa- Then for 
any f G Va and u G Ma 

<l>i(t;;n)(,)= %{pa{Uv))u) {z - WaV'^-^dz)'' 

a&A\{oo} n>-A+l 

oo 

+ ^ $0 (poo (^( J-„-A(t;))) u) z^idz)^, 

n=0 
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where the sum for the index n is finite, in particular, ^i{v]u)(^z){dz) ^ is a rational 

function of z. 

Proof. The singular parts of the Laurent expansions of both hand sides are same by 
the property (d). Then we conclude that both hand sides being multiplied by {dz)~^ 
give the same rational function because the difference of them is holomorphic on 
and zero at 2; = 00. □ 



5.5 2-point current correlation functions 

Our next aim is to construct $2 for the system of current correlation functions with 
the initial term 

Definition 5.5.1. Let $ e '^w^i-^A) be a conformal block at wa- The 2-point current 
correlation function $2(f 1, ^2; ii)(zi,z2) associated to $ is defined by 

n>-Ai+l 

+ 1] M^2;Pa(Jn{vi))u)^,,)(z,-Wa)-''-^'{dz,)''' 

aeA\{oo} n>-Ai+l 
00 

+ ^$i(^;2;poo(^(J-n-Ai(^;i)))ti)(.2)4(rf^i)^^ 

n=0 

for any vi e Vaj and V2 G Vaj- The 2-point correlation function ^2{vi,V2;u)(^zi,z2) is 
also written as 

$2(^^l,^^2;ti)(2i,Z2) = ^liJ^'^ivi^zi - Z2)v2;u)(^z^){dZi)^^ 

+ Y ^l{v2;Pa{J^°{vi,Zi-Wa))u)(^z2){dZi)^' ^^2) 
aeA\{oo} 

+ M'>^2;Poo{J^'-°{vi,Zi))u)^,,){dZif\ 

where J>%v,z) = En>-A+i "^nl^^)^"""^ and J^'{v,z) = En<-AJn{v)^"''^- 

Remark 5.5.2. The 2-point current correlation function $2('i^i, ^2; ii)(zi,22) ^ mero- 
morphic (Ai, A2)-form of Zi and 2^2, and its poles are located at zi — 2^2, Zi — Wa{i — 
1,2, a e A). 

Proposition 5.5.3. For vi e Vai and V2 G the Laurent expansion of the 2- 
point current correlation function ^2{vi,V2;u)(^zi,z2) associated to a conformal block 
$ e V^^ (Ma) is as follows : 

(1) In a neighborhood of Zi — Z2 

$2(1^1, ^^2;«)(^i, 22) = Y^l{Jn{vi)v2;u)(^z^){zi - Z2y~^^{dZi)^K 
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(2) In a neighborhood of Zi = Wa{a E A) 

J2 (^2; Poo (OiUv,))) ^r""^^ (rf^i)^^ (a = 00). 



$2(^1, 1^2; m)(2i,^2) 



Remark 5.5.4- The statements (1) and (2) in Proposition [5.5.3| respectively means: 

(1) In a neighborhood of zi = Z2 

$2(wi,t;2;^i)(2i,22) = $1(^(^^1,2:1 - Z2)V2;u)i^^^){dZi)^\ 

(2) In a neighborhood of Zi = Wa{a E A) 

^i{v2; PaiJ{vi, zi - tya))u)(^2)((izi)^i (a 7^ 00), 



$2(t^i,t^2;^i)(^i,^2) 



^i{v2; poo{J {vi, zi))u)(^^^){dzi)^^ 



a = 00 . 



We now give a proof of the statement (1) of the proposition. By (|5.2| ) the first 
statement is equivalent to 

^liJ-^{Vi, Zi - Z2)V2\ m){^2) 

= $i(^^2;Poo(^'''-°(^^i,2;i))u)(^2) + $i(t^2;Pa(J^°(^^i,2;i - Wa))M)(^2)- (5-3) 

aeA\{oo} 



For any fixed z\ both hand sides of ( |5.3| ) are meromorphic functions of ^2, whose poles 
are located at Z2 = (a G A). 

In order to prove ( p.3| ) we show that both hand sides of ( |5.3| ) have the same singular 
part at the pole Z2 = (a G A) . Using and (|1.6|) we see that the singular part 
of ( |5.3| ) at Z2 = Wa{a ^ 00) is 

^ {pa (J-°(W1,Z1 - Wj) Ua) 

= $(poo(J''-°(^i,^i))wa)+ J] <l'(pfe(J>°(t;i,^i-«;5))wa), (5.4) 

b<^A\{a,oo} 



where Ua = Pa {,J^^{v2, Z2 — Wa))u, while using and Remark |4.2.2| we see that the 
nonnegative power term of the Laurent expansion at 2:2 = is 

^{poo{j''^\vi,zi))u^) = Yl ^{pb{J'''ivi,zi-Wb))uo.), (5.5) 

b£A\{oo} 

where Uoo = Poo {J^'-'^iv2, Z2)) u. Now suppose that ( p.4| ) and ( |5.5| ) hold. Then the 
both hand sides of ( ^.3|) have the same singular part at the pole Z2 = Wa {a E A), and 
the difference of them is zero at ^2 = 00, which shows ( ^.3] ). So it suffice to see: 
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Lemma 5.5.5. Let $ G VI(Ma) and u G Ma- Th 



en 



<^{poo{j'''''{v,z))u) = J2 '^{Pb{J''\v,z-Wb))u), and 

b€A\{oo} 

= $ (poo {J'' -\v, z)) u)+ ^ (P" ('^^°(^' ^ - ^^)) for a ^oo. 

beA\{a,oo} 

Proof. Recall the definition of the conformal block, i.e., 

Hja{v ® ^)u) + ^{jb{v ® v)u) + ^{joo{v ® ^)u) = (5.6) 

bj^a, oo 

for all f G Va and ip G H^iF^ ,Q^^'^{*Wa))- Then the first and second equality fol- 
lows from (U) for cp = z^'+^dzf-^ (n > 0) and ^ = (z - Way'^dzf-^ {n > 0), 
respectively. □ 



The statement (2) of Proposition 5.5.3 can be proved in a very similar way by 
Lemma |5.5.5| ; here we use 



J{J^^{Vi,Zi - Z2)V2,Z2) 

and 

j'iJ^^'iVuZi- Z2)V2,Z2) -- 



Uj{v2,Z2),J^°{vi,zi)] for 0<|2;i|<|z2| 
[ [J>°(wi, zi), J{V2, Z2)] for < |2;2| < \zi\ 



P^^%vr,zi),j% 





< 


^2! 


1^2! 


< 





Remark 5.5.6. Let A be a finite set. In order to avoid complicated description of 1- 
point and 2-point functions we have so far considered sets of points wa C which 
contain the point 00. In the case that Wa ^ 00 for all a G A we just drop the terms 
z^ from its definition. More precisely the 1-point and 2-point current correlation func- 
tion associated to $ is respectively given by $i(|0); m)(;j) = $(m), $2(10), 1^2; m)(2i,22) = 
$i(^^2; '«)(22), and for any v e Va{A ^ 0), vi e Va, (Ai ^ 0) 



$i(t;;M)(,) = 5^ J2 HPaiUv))u){z-Wa)-''-^idz)^ and 

aeA rt>-A+l 

$2(t'l,f2; ^i)(2i,22) = Y '^l(^n(^l)^2; ^i)(22)(^l - ^2)"""^'('i^l)^' 

n>-Ai+l 

+ Y1 Yl Mv2;Pa{Jnivi))u)^,,){z,-Wa)-''-^'{dZi)^\ (5.7) 
aeA n>-Ai+l 
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5.6 Propagation of vacua 

Let A = {0} U A and = {wq, wa), wa = {wa)a<^A where Wq ^ Wa for all a ^ A, and 
set ikfj = V ® Ma- The main aim of this subsection is to prove the following theorem 
which is called the propagation of vacua . 

Theorem 5.6.1. The linear map Ma —>■ M^{u ^ |0) ® u) induces a vector space 
isomorphism Vwa{Ma) — ^^^(M^). 

Proof. We first show that the linear map Ma — ^ M^ (m i— > |0) ®m) induce a linear map 
L : V^^(Ma) V^^(M^). To see this it suffice to prove that \0) ® u e q°^^{V)M^ for 
any u G 0°'^*(V^)M4; using the fact that jiuol"^® /)|0) = if f{z){dzy^'^ is holomorphic 
at z = Wo we see that |0) (g) jy,^{v f)u = j^-{v /)(|0) m) G g^^{V)M^ for any 

veVA^ndf e H^{F\ n^~'^{*WA)). 

In order to prove that the induced map l is surjective we will show that for any 
V e Va and u E Ma there exists / G H°{F'^ ,n^~^{*w^)) such that w m = -|0) (g) 
jwAi'^ ® Take / such that jwoif) = {^o^ + higher order terms of ^o) {d$,oY~^- 

Then 

J-Aiv)\0) ^ u = j^,{v (g) f)\0) (g) u = j^.{v (g) f){\0) ® u) - \0) (g j-^^iv ® f)u, 

in other words, v ®u = J-a(^)|0) ®u = — |0) ® jwAi'^ ® f)^ i^od g°"*(F)M^. 

We now prove that the map l is injective, which is equivalent to showing that 
the dual map l* : Vl_{M^) VI^{Ma) is surjective, i.e., for any $ G VI^{Ma) 

there exists $ G Vl.{M^) such that $(|0) (g m) = for all u G M^. We define 

I* G Homc(M^,C) by 

<I(mo ® n) = $i(uo;M)(^o)((iwo)''^ = ($| J(uo, Wo)!^*) 

for any Uq G Va and u G M4,where $i('Uo; 'w)(2) is the 1-point current correlation 
function associated to the conformal block $. It suffices to show that $ induces an 
element in Vl.{M^), i.e., ^{ju,o{v ® f)uo ® u) + ^{uq ® ® f)u) = for all 

w G Va, and f{z){dzy~^ G H^iJP^ ,Q^^'^{*wj)), which follows from Proposition ^.5.3 
and Remark |5.5.4| as 

{^{J{jo{v <g f )uo,wo)\u) = Res {^\J{J{v, z - wo)uo,wo)\u) f{z) dz 

z=wo 

Res {^\J{v,z)J{uo,Wo)\u)f{z) dz 

z=wo 

ERes {^\J{v, z)J{uo,wo)\u)f{z) dz 



Z = Wa 

aeA 



y~] Res {^\J{uo,wo)\J{v,z-Wa)u)f{z) dz 

^ ' Z = Wa 

{<l>\J{Uo,Wo)\ja{v® f)u). 

□ 



2 = W), 

aeA 



aeA 
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As a corollary we get the iS2-symmetry of the 2-pomt current correlation functions: 



Corollary 5.6.2. Let Vi e Va, {i = 1,2). Then $2(^1, ^^2; m)(^i,^2) = ^2(^2, Wi; m){^2,^i)- 

The 1-point current correlation function is a meromorphic A-form on P^, whose 
poles are located only at z = Wa{a E A), li 00 E A the 2-point function has poles only 
at zi = Z2 and Zi = Wa{i = l,2,a E A), while if 00 ^ A the point zi = 00 may be also 
a pole by ( |5.7| ). However, since the 2-point current correlation function is holomorphic 
at ^2 = 00 it is also holomorphic at 2:1 = 00 by the iS2-symmetry: 

Proposition 5.6.3. The 2-point current correlation function ^2{vi,V2',u) associated 
to a conformal block $ e VI^{Ma) belongs to H°{(Py,n^^^^^{*Di^2 + T.i,a*Di,a)- 



5.7 Construction of systems of current correlation functions 

Using the propagation of vacua we will obtain the whole system of current correlation 
function {^rn}m=o with a given initial term $0 = ^ V,i,^(M4). 

Let m be a nonnegative integer. For any set of distinct m points Z]^^] = (-2j)je[m] ^ 
C™ such that Zi ^ Wa{i E [m], a G A) we assign the space of covacua V^^jm](^[m],A)- 
By the propagation of vacua there exists a canonical vector space isomorphism '■ 
V^[„,,^^(M[„],a) V^[^^j,,u,A(^[m+i],A)- Let ^0 = ^ ^ V»^(Ma). We define a system 
{^m}^=o by $^+1 = CH^^m) for m > 0. 

Proposition 5.7.1. Let u G Ma, Vi G V^, [i G [m]) and $ G VI^{Ma). Then 

$m = ^m{Vl, ... ,fm; (zi (rf^^l)'^' " " " (dZm)'^"' , m = 0, 1, . . . 

is the system of current correlation functions at wa with the initial term $. 

Proof. The properties (a) and (d) are immediate consequences of the inductive defini- 
tion of {^m}m=o- The property (b) follows from Proposition |5.6.3| . 

We now prove the iS^-symmetry. On the one hand, using Corollary |5.6.2| and the 
inductive definition of $m we see that 

On the other hand, at a neighborhood of Zi = zj (j 7^ 1) and Zi = Wa{a E A) we have 
the Laurent expansions 

, 'V2i V3, . . . , Vm] U){z-i,Z2,zz,... ,Zm) 

= ^^rn-liv2,. . . ,JniVi)Vj,... , Vm] u) i^^^^,,, ^;,^){Zi - Zj^'^^ {dZi)^\ and 

^m{Vi,V2,V3, . . . ,t;m;M)(2i,^2,23,...,^m) 

= '^^m-l{v2, ■ ■ ■ ,Vm; Pa{JniVl))u){z2,... ,Zrn)iZl - Wa) (^^^l )'^' • 
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The iSm-symmetry now follows by induction on m. 
To verify (e) it suffices to show the case m = 1, i.e., 

djdz ^^{v- dz = <l>i(T(-l)i;; 

Since both hand sides are meromorphic (A + l)-forms on with poles only at z = 
Wa {a G A) it is enough to see that these two have the same Laurent expansions at the 
poles; in a neighborhood of z = Wa{a & A) 



$l(r(-l>;w)(,) = J2HPa{Jn{T{-l)v))u){z-W,)—^~\dz)'^+' 

= - J2in + A)<l>{p,{Uv))u){z - War^'-^-'idz) 



A+1 



—^i{v;u)(^) dz. 

□ 



5.8 Finiteness of conformal blocks 

Theorem 5.8.1. Let V be a C2- finite chiral vertex operator algebra. Let A be the finite 
set A = {1, 2, . . . , N , 00} and wa = {wa)a&A be a set of distinct points in with 
Woo = 00. Let Ma = (^^^^M" where is a V -module. Then the space of covacua 
Vwa{^a) is finite dimensional. 

Proof Let = 0^'^, ©^^^ Mf^.^ . for all a e A. We set 



FpM" 



{p < -1] 

e:=ieLo^(Un) (p>o), 



which define an increasing filtration on and the induced filtration on C2{M°'). We 
note that grf M"" ^ M"" and grf C2{M'') ^ C2(M"). Since V is Cs-finite we see that 
grf M"/ grf C2(M") is finite dimensional by Corollary p. 2. 8 . 
Let us define an increasing filtration on Ma by 

F,Ma= y1 (8)^p.^"- 

T,Pa=p aGA 

The filtration FpMa{p G Z,) on Ma induces a filtration on 0^'^(y)M^, and then a 
filtration on Vw^(M^). There exists a canonical exact sequence as vector spaces 

grf {dZliV)MA) - grf Ma ^ grf V^,{Ma) ^ , 

in other words, grf V^„^(M^) = grf M^/ grf (g°"^*(V^)MA). Let us denote by n the 
canonical projection grf Myi = ^^^j^gr^ M°- grf Vu,^(Myi). We will show that vr 
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induces a surjective linear map ^^^^^gic^ M"- / gr^ C2{M'^) gr^ Vw^{Ma) so that 
grf V^^(M4) is finite dimensional. To this end it suffices to see that 

grf M^®---®grf C2(M")®---®grfM~ Ckervr for all a G A. (5.8) 

For any a G A we set 

, ^ Uz - War^^'^-'idzy-^ if a^oo, 

|^n+A-l(^^)l-A if a = 00. 

If n + A - 1 > then ip" G H°{F\n^-^{*WA)) for all a e A. For any v e Va and 

= ^beAiTT-b £ Ma we see that 



^00 



PA{jA{v (g) (p°')){mA) = mi (g) • ■ ■ (g) J-n{Va)ma ® ■ ■ ■ ® nric 

+ ^ mi (g • • ■ (g j5(f (g (p"')mi, (g • • ■ (g moo , (5.9) 



where f ^ = f and Va = e^^^^v for a 7^ 00 and a = 00, respectively. We suppose that 
> A and m^i G Fp„„M4. Then the second term of the right hand side of (|5.9|) 
belongs to F^^iMa so that that 

mi ® ■ ■ ■ (g J-n{.Va)ma ® " " " (g m^o G Fp_iMa + Fpg°"*(K)MA. 

So ( |5.8D immediately follows for a 7^ 00; the case a = 00 is proved by using the identity 



Remark 5.8.2. From the proof of the theorem we see that dime V^)^ (Ma) < 00 if 
dime M"/Ci(M") < 00 for all a G A where Ci{M) is the vector subspace which is 
linearly spanned by vectors J-n{v)m {v G V^., n > A) for all m G M. However in the 
case of the space of conformal blocks over a higher genus compact Riemann surface even 
C2-finite condition is not enough for the finiteness; one has to suppose C^t-finiteness 
for all n > 2, which is proved in Corollary |3.2.(; . 



5.9 2-point conformal blocks 

Proposition 5.9.1. Let A = {0, 00}, and wa = {0,oo). Let V be a C2-finite chiral 
vertex operator algebra and M°, M°° be V -modules. Then 

VI^{Ma) = Hom^,(v)(MO,D(M-)) 

where Ma = ® M°° . 
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Proof. We first note that ipn = -z"^^ ^ {dzY ^ {n G Z) is a topological basis of 
if°(P\ i7-'^"^(*[0] + *[oo])), and that jo ® V^n) Uq = Jn{v)uo and joo ("f^ ® V^n) ^oo = 
-^(^n(f))Moo for all Mo e M° and Moo e M°°. We identify Vi^(MA) with the 
subspace of Homc(MA,C), which consists of elements $ G Homc(M^,C) such that 
^Q°f{V)MA) = 0, i.e., 

$(^0 ® ^( J„(t;))Moo) = ^iJniv)uo (g) Moo). (5.10) 

Let / G Homi^(v)(M°,L'(M°°)) and define G Homc(M^,C) by $/(mo ® Moo) = 
( /(mq), Moo)- Then we wee that 

$/ (mo®^(J„(m))moo) = (/M,^(^(^))^^oo) 

= ( Jn{v)f{Uo),Uoo) = { f{Jn{v)Uo),Uoo) = iJn{v)Uo ® Moo) , 

i.e., $/ G V^^(M4)"f. Conversely for any $ G Vi^(MA) and Mo G M° we define 
/(mq) G Homc(M°°,C) by (/(mo),Moo) = $('"o ® Moo). Using {^J^ we see that 
(/(r(0)Mo),Moo) = (/(mo),T(0)moo) so that if Mo G MJ^^) then /(mo)|MO^) = for 
all h^ho and /(mo) G D{M°^). We now conclude that / G B.omu(v){M^, d{m^)) by 
CT - □ 



6 Integrable connections 

6.1 Integrable connection on sheaves of covacua 

Let A = {1,...,A^, oo} and Xa = {wa = {wa)a(^A\ be the configuration space of 
distinct points on such that Woo = oo. Since we fix the finite set A throughout this 
subsection we simply write X = Xa. 

In the previous section we study the space of covacua associated to a point wa G X 
in the configuration space. Here we vary the point wa, and consequently we get the 
sheaf of covacua; the wa dependence of the space of covacua will be described by an 
integrable connection on the sheaf. 

Let 7r:C = XxP^^Xbe the trivial P^-bundle over X, and z be the canonical 
afiine coordinate of P^; the pair {wa,z) is a local coordinate for C. We define cross- 
sections Sa : X — > C (a G A) by Sa{w) = (wAjWa), and introduce divisors on C by 
Sa = Sa{X) and Sa = [JaeA ^a- For a 7^ oo the holomorphic function = z—Wa defines 
a local coordinate system {wA,^a) of C around the divisor Sa, while the meromorphic 
function ,^oo defines a local meromorphic coordinate system {wa, ■Coo) of C around the 
divisor Soo 

Let Ox be the structure sheaf of X, i.e., the sheaf of germs of holomorphic functions 
on X. For any a G ^4 we define the Lie algebra Qx,a{V) over Ox by 

oo oo 

QxAv) = ® oxmrnaY^^f^i^ ^A ® Oxiiuma)-^), 

A=0 A=0 
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and set Qx{V) = ®a£AQx,a{V)- which is also a Lie algebra over Ox- Let (a G A) 
be V-modules and set Mx = Ox ® Ma where Ma = <S>aeA Then Mx becomes a 
0x(^)-inodule over Ox- 

Let il^/x sheaf of relative 1-forms for the surjective holomorphic map tt : 

C — > X, and be the sheaf of relative A-forms which have possible poles 

on the divisor 5'^- For any element in Va <E) 7r*Q^y^(*5'A), where 7r*Q^y^(*5'A) is the 
direct image sheaf, wc assign an element in Qx,a{V) by taking Laurent expansion at 
Sa in terms of coordinates ^a, i.e., for any v (g) f{w, z){dzy~'^ G Va <8) n^n^~J^{*SA) we 
define the map ja : Va ^ 7r*0^y^(*5'A) dx,a{V) by 

ja {V ® /(«;, z){dzY-'') = .J {V, fa{w, ^a)) , 

where faiw, ^a) is the Laurent expansion of f{w, 2;) at ^ = Wa in terms of the coordinate 

Ca- We set J A = T^aGAJa- 

Definition 6.1.1. We define the Cx-submodule Q°x^{V) of Qx{V) by 

Qx\V) = JA (^0 Va ® 7r.f)^7^(*5^) j . 



Proposition 6.1.2. T/ie Ox-suhmodule ^■^ -^^e subalgebra ofgx{V) over Ox- 

Proof. Let Vi G Vai and f2 G Vazj and let G TT^O^y^^ and 

/2(w, G 7r*0^y^^(*5'^). Then for any a G /I we see that 

A1+A2— 1 ^ / f d \^ \ 

= X] ~l ( •^m-Ai+l(f l)t'2, ( -TT- I /l,a(w, Ca) " /2,a(w, Ca) I 
m=0 ^ \(^KaJ J 

A1+A2— 1 / ^ ( d\^ 

^ XI ( ;^'^rn-Ai+l(^^l)w2 ® ( ^ J ^) " /2(w^, ^)( 

m=0 ^ ■ ^ ^ 



2-Ai-A2+m 



□ 



Let A = A\{oo}. For any a G A we define the derivation Vf^Q^^ : Qx{V) Qx{V) 
by "^l^ll = d/dwa + [Pa(T(-l)), *], and the hnear map Vj^|^^ : Mx ^ Mx by 

Proposition 6.1.3. The linear maps V^yj^^ and V^^^^^ (a G A ) satisfy the following. 
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(2) V|-i:^(/ ■J) = dJ-J + fVlfJSJ) and Vj^^^J/ • m) = dj ■ m + /Vj^^^Jm) 
for all f G Ox, J G dx(V) and m G Mx where da = d/dwa {a & A). 

(3) ^ifJS^J^.M) = mfJSJ^lM + [Ji.'^lfJSJ^)] for all Ji, J, e Qx{V) and 
VjjLj^ • m) = Vl%ll{J) ■ m + JVjJ-^Jm) for all J E Qx(V), m E Mx. 

(4) K%lliBriV))cgriV). 

Proof. The statements (1) and (2) are immediate consequences of the definition. To 
show (3), it suffices to consider Ji, J2 G q{V) by (2); 

= [[r(-i), Ji], J,]] + [[Ji, [r(-i), J,]] = [vl%ll{J^), M + [Ji, vl%ll{J2)]. 

To see (4) we note that that [T{-1), J{v, f)] = J{T{-l)v,f) and J{v,df/d^) + 
J{T{-l)vJ) = 0. Then for any v e Va and f{w,z){dzy-^ G 7r*Q^y^(*,SA) we see 
that 

beA 

= E ^ f^' e^)) + [T(-l), J(^, O)] 

beA ^ ^ 



b&A 

jA{v®daf{w,z){dzy-^) 



□ 



Definition 6.1. 4. The quasi-coherent Ox-module Vx(-Ma) = Mx/q'^^{V)Mx is caUed 
the s/iea/ of covacua. 

6.2 Structure of sheaves of covacua 

Theorem 6.2.1. Let V be a C2- finite chiral vertex operator algebra. 

(1) The sheaf of covacua Vx{Ma) is a coherent Ox-module. 

(2) The linear map V^^^^ (a G A) induce an integrable connection V g/dwa on the sheaf 
of covacua Vx{,Ma). 

(3) The sheaf of covacua Vx{Ma) is a locally free Ox-module of finite rank. 
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Proof. By the proof of Theorem |5.8.1| we see that there exists a finite dimensional vector 
space U such that Ox ® f/ — ^ gr^ Vx{Ma) — >■ is exact. So we see that Vx{Ma) is 
finitely generated Ox-module, and is then Ox-coherent since Ox is noetherian. 

By Proposition |6.1.3| (4) the linear map ^g^/g^^ (ct G A) induce an integrable con- 
nection on Vx{Ma)- It is well-known that a coherent Ox-module with an integrable 
connection is a locally free Ox-module of finite rank (cf. ||Bore| , (VI, 1-7)]). □ 



7 Regularity conditions 
7.1 Condition H and HI 

Definition 7.1.1. We set M(0) = U{V) /U{V)F^U{V), which is canonically U{V)- 
module, and denote by 1 the element in M(0) with the representative 1 G UiV). 

Remark 7.1.2. There exists a canonical W(y)-module isomorphism 

M(0)^W(\/) ®p.u(y) Ao{V). 

We have so far worked under the condition that the chiral vertex operator algebra 
is C2-finite, which we call the condition I. 

Condition I. The chiral vertex operator algebra V is C2-finite. 

We further assume that the zero-mode algebra Ao(V^) is semisimple, which we call 
the condition E: 

Condition H. The chiral vertex operator algebra V is C2-finite and its zero-mode 
algebra Ao(V) is semisimple . 

The zero-mode algebra A^iV) is finite dimensional if V is C2-finite. The category 
of finite dimensional 74o(\^)-modules has finitely many simple objects upto equivalence; 
let Wo, Wi, . . . , Wr be the complete list of simple objects of this category, where we 
set Wo = C\0) (see Proposition gX^). 

Any y4o(\^)-module Wi{0 < i < r) is an F''W(l^) -module by the natural pro- 
jection F'^Uiy) ^o(^) 0. Then we can define the induced W(V^)-module 
Li = lA{y) ®Fou(v) (0 < « < r), which are in fact \^-modules. 

Problem. If a chiral vertex operator algebra ^ is a C2-finite simple l^-module and 
its zero-mode algebra AoiV) is semisimple then induced modules Li < i < r) are 
simple l^-modules. 

At the moment we are not able to prove this problem, instead we assume: 

Condition HI. The chiral vertex operator algebra V is C2-finite, its zero-mode algebra 
y4o(V^) is semisimple, and the induced \^-modules Li {{) < i < r) are simple. 
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7.2 Structure of the space of covacua 

In this subsection we assume the condition HI. Recall that the zero-mode algebra Ao(V^) 
is linearly spanned by [Jo('i^)] G Va)- We define a linear map 6 : AoiV) Aq^V) by 

Mv) ^ (-1)^ Jo(e^^^^t;) for all v eV^{/\> 0). 

Then 6 is well-defined and is an anti-algebra involution of Ao(V^) (see Proposition 



A.2.121 ). 

Let be a finite dimensional Ao(V^)-module and set D{W) = Homc(W, C), which 
is a left Ao(\^)-module by {Jo{v)(p,u) = {ip,6{Jq{v))u) for all (f e D{W), u e W 
and [Jo{v)] G Ao{V). The map D : Mod{Ao{V)) Mod{Ao{V)) is a contravariant 
functor such that D'^ = id. For any simple ylo(V)-module Wi its dual module D(Wi) 
is also simple, and is isomorphic to one of the simple 74o(\^)-modules, which we denote 
byiy,t,i.e., D(iy,) = ^^t. 

Proposition 7.2.1. Let V be a chiral vertex operator algebra which satisfies condi- 
tions IE , and W be a simple A^iy) -module. Then there exists a canonical V -module 
isomorphism D{L{W)) = L{D{W)) where L{W) = U{V) <S>fou{v) ^ induced 
V -module. 

Let A = { 1, 2, . . . , A^, cxD } and set A = A \ {oo}. Let wa = {'Wa)aeA with 
Woo = oo. For F-modules {a G A) we set Ma = ^^^^^M" = M^® M(0) 
where = ^^^^M" and M°° = M(0). Let qZ^{oo) be the image of 0a=o '^a ® 
if°(P\ i7^^'^(*5'^ — A[oo])) in Qa{^) under the map j^- We denote by Iqo the canonical 
generator of M(0). 

Proposition 7.2.2. Let l : M4 — > ® M(0) = Ma be the linear map defined by 
u® loo- Then t induces a vector space isomorphism 



Ma/CI{^)Ma = V^AMa] 



Proof. We set 0:^*(oo) = joo (0a=o '^a ® H'^ n^-^{*SA - A[oo]))) , which is a Lie 
subalgebra of 0(V^)oo- Since q'^\oo) C F^q{V)oo and F^g{V)ooloo = we have ® 
(^)m®1oo = loo) for anyv E Va and Lf G iJ°(P^ fi^"'^(*S'^- A[oo])), i.e., 

l{q°^^{oo)Ma) C g°"j(K)MA; in particular l induces the linear map M^/g°"j(oo)M^ 
V^JMa). 

In order to show that l is surjective it suffices to prove that M(0) is generated 
by loo as a gZ\V)-modu\e where = joo (©^=0 ^a ® (P\ ; 

this follows from the fact that = z'^+^-\dzy~^ belongs to H%F\Q^-^{*Sa)) 
for any nonnegative integer n and jooiv ^n) = {—^)^^^ J^nie^^^^v) or equivalently 
Joo(e-^(i)t; ®^) = i-l)^+\J-n{v) for all v G Va. 

The injectivity of the map l is proved in the same spirit appeared in the proof of 
Theorem |5.6.1|, i.e., the surjectivity of the dual map 



: VIAMa) ^ Homc(M^/flr*(oo)M^,C) 
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is proved by using the one to one correspondence between Homc(M4/g°'**(oo)M4, C) 
and the space of systems of current correlation functions {^rn}m=Q such that 



Let $ G Homc(M4/0°'^(oo)M^, C). By Proposition [5.4.1| there exists a meromorphic 
form {<^\J{v,z)\uA){dz)^ G //°(P\ + A[cx)])) whose Laurent expansion at 

z = Wa {a E A) is 

($1 J(t;, z)\uA){dz)^ = J2^^P- (^"(^)) - ^ar^'-^idz)^. 

nez 

There is another expression of this 1-point current correlation function; 

{^\Jiv,z)\u^)idz)^ = Y, E ^iPaiUv))uA)iz-W.r-~^idz)^. (7.1) 

aeAn>-A+l 

To see this it suffices to show that the right hand side of (|7.1|) belongs to the space 
i7°(P\ Jl^(*w^+A[oo])), which follows from the fact that for all < n < A-2 the form 
z^'idz)^-^ belongs to H^(P\ n^-^{*WA-A[oo])) and then <l>(j^(f ^^"(rf^)^-^)^^) = 0. 
Since the second equality of Lemma ^.5.5| holds for $ G Homc(Af4/0°'^(oo)M^, C) we 
see that (|5.71 ) defines the 2-point current correlation function 



i=l,2 
aeA 

by using the same argument given in the proof of Proposition |5.5.3| . Then by the same 
calculation in Theorem |5.6.1| we see that {^\J{v,z)\ *) G Homc(M4/g°"j(oo)M4, C) 
for any fixed f G Va and z & C We now can inductively construct the whole system 
of current correlation functions associated to $, which we denote by 

($1 J(fl, Zi)--- J{Vm, Zm)\UA)idZi)^' ■ ■ ■ (rfz„)^'". 

We now define $ G Homc(M^ ® M(0), C) by 

/ 1 X'^ 

® {JnM) ■■■0 {Jn,{Vk)) loo) 



1 

27rv^ 

••■ ^ ($|JK,Zfc)---JK,^l)|M^)4'=+^'=-l---4^+^^"^rf^fc---rfZl, 

where > r^.i > . . . > ri > |t(7a| (a G A). Using the operator product property and 
the 5m-symmetry of the system {$m}m=o proved that $ defines an element in 
Hom(M^ ® M(0), C), i.e., it can be shown that the definition of $ is compatible with 
the commutator formula, the associativity, etc. The operator product property also 
shows that $ induce an element of VI^{Ma), i.e., ^{q°a\V)Ma) = (see the proof of 
Theorem |5.6.1| ) . □ 
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Theorem 7.2.3. Let V be a chiral vertex operator algebra which satisfies conditions 
M, and (0 < i < r) be the complete list of simple objects of M.od{AQ{y )) and be 
the induced V -module. Let M" (a e A) be V -modules and set M4 = Then 
there exists a canonical vector space isomorphism 

r 

V^^{Ma) = V^^{Ma ® Li) ® W*, 

i=0 

where Ma^ M^® M(0). 

Proof. Since A^iy) = 0[^o Wi^W* by Wedderburn's theorem it foUows that M(0) ^ 
U{V) ®Fou{v) Aq{V) = 0-=o^i ® W as y-modules. We now conclude that 

r r 

Ma/C1{V)Ma = ® ® w*/cl{v) ^Ma^L.^W* 

i=0 i=0 
r 

= 0V^^(M^®L,)®1^*. 

i=0 

□ 

8 Factorization 

The aim of this section is to prove the factorization theorem; one of the immediate 
apphcations of the theorem is the formula of the dimension of conformal blocks for 
A^" > 4 in terms of fusion rules, i.e., the dimension of the conformal blocks for N — 3. 
The theorem is proved by pinching the A^-pointed projective line into two copies of 
the projective line, each of which is suitably pointed. We first define the fiber bundle 
which describes the pinching procedure, and study the sheaf of covacua associated to 
the fiber bundle. 

8.1 Gauge condition 

Let A = {0, 1, . . . , N, 00} and wa = {wa)aeA be the set of distinct points in with 
Woo — 00 ■ We denote by Xa the set of such w^'s, which is canonically embedded in 
(pi)^+2. Let Za = {wa e Xa \ wq = 0, = 1 }. We write X = Xa sjid Z = Za 
for short. For l^-modules (a £ A) we set Ma — ®a&A We define the sheaf of 
covacua over X and Z by 

Vx{Ma) ^Ox® MaIqT{V) {Ox ® Ma) , and 
Vz{Ma) ^Oz® MAlQt{y) (Oz Ma) , 
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respectively. There is a Ox and ©^-action (an integrable connection) on Vx{Ma) and 
Vz{Ma), which is respectively given by 

d 

^d/dwa = + Pa{T{-l)) for all a e A, and 
Va/dwa = ^ + Pa(T(-l)) for all a e ^ \ {0, 1}. 

Proposition 8.1.1. There is a canonical Ox -module isomorphism 

Vx(M^) ^ Ox ®Oz Vz{Ma). 

8.2 Geometric settings 

Let A and B be finite sets with cardinality \B\ > 3, which has 3 distinct fixed 
points Oa, Iaj ooa ^ A and 0^, 1b, oob G B, respectively. We set A = A \ {Oa} and 
B = B \ {oob}. We define C = Au B = A \ {Oa} UB \ {oob} with fixed 3 points 
being assigned by 0^ = 0^, Ic — 1a, coc — ^a- We set 

Ua = {wa e Za I \wA,a\ > 1/2, a 7^ Oa }, t/j? = {wg G Zb \ \wB,b\ <2,b^ oob], 

which is an open set in Za and Zb respectively. 

Wc define an open subset in C with the coordinate q by = {gGC|0<|g|< 
1/16 } and set = x Ua xUb- The manifold is embedded into Zc by wc,a ~ 
WA,a (ct G A) and Wc,b = Q.'^B,h {i> G B). There are two coordinate systems {wc,c)cec° 
and {q, wa°,wb°) for where A° — A \ {Oa, 1a, ooa}, B° — B \ {Ob, 1b, ccb} and 
C° = C\{Oc,lc,ooc}. 

In order to define sheaves of covacua over we introduce the trivial P^-bundle 
71 : Cjjy. = X P-*^ — s> we regard P-*^ as CU {oo} and let zq be the affine coordinate 
of C. For any c G C we define the section Sc'- ^ Cjjy. by sdwc) = {wc,wc,c) and 
divisors over Cf/x by — Sc{U^) and Sq = (JceC^c^- We define a local coordinate 
around by 




Let M" (c G C) be ^-modules and set Mc = <S>cec ^'^^ all c G C we set 

oo / oo 

0C/^c(^) =0^A®Oc/x((ecJ)(^iecj'-^/V 0yA®Oc/x((ec,c))Kc,c)-^ 
A=0 \A=0 y 

which is a Lie algebra over Oux- The Lie algebra gu'-<{V) ~ ®cecSu^,ciV) over 
Oux canonically acts on Oux Mc- We denote this action by pc — Ylic&c Pc,c- Let 
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jc '■ ©A=o ® 7^*^c x/u>' (*'^c) ~^ Su'-" (y) be the linear map defined by the Laurent 
expansion at the divisors 5*^^ (c e C) in terms of the coordinates ^c,c and denote the 
image by q'^x{V). We set 

Vux (Mc) = Oux MclQ'^t{V) {Oux Mc) 

The sheaf Vj/x (Mc) is a coherent Cf/x -module and is equipped with the integrable 
connection Vg/dwc^ £ C) so that V[/x(Mc) is a locally free O^/x-module of finite 
rank. 

We set f/g = { g G C I \q\ < 1/16 } D and U = Ug x Ua x Ub D U"" , and define 
the trivial x P^-bundle over U hy Cu = U ^ U. There exists a canonical 

commutative embedding 

Cf/x — > Cu 

by (g, wa, wb, zc) ^ {q, wa, wb, zc, q~^zc). 

C/^ — > U 

Using the homogeneous coordinates {[z\ : z]^, [z% : z^]) of the fiber xP^ the manifold 
Cux is described in Cu by 

C[/x = { {q,WA,WB, [za ■■ z\], [4 : 4]) I 44 = ^44, ? 7^ }. 

We now define the algebraic set Cu of Cu by 44 — ?44> ^^'^ denote the natural 
projection hy i: : Cu ^ U. 

Proposition 8.2.1. (1) Cu is a codimension 1 closed complex submanifold in Cu- 
(2) The map tt : Cu ^ U is flat and proper. 

The space Cu is non-singular, while the fibers over the points of the domain D = 
U \ U^ are singular. In order to see more detail of the manifold Cu we introduce the 
open covering of Cu and the local coordinate systems; Cu — Vo \J Vi Li V^o where 

Vo = { {q, tVA, Wb, zb) \ \zb\ < 4} za = qzB, 

Vi = { {wA,WB,ZA,tB) I \za\ < 1/2, Itsl < 1/2 } q = ZAtB, 

Ko = { {q, Wa, Wb, tA) I \tA\ < 4 } tB = qtA- 

where za = z'\/z\ and Ia = z\/ z% etc. 

Let S is the set of all points p E Cu Bi, which the differential diTp : TpCu T.^{p)U 
is not surjective. 

Proposition 8.2.2. (1) The set T, is a codimension 2 submanifold of Cu such that 

E n U \4o) = anrf E = { {wA,ti^B, ZA,tB) I -2a = = } C Vi. 

(2) The projection tt gives an isomorphism T,'^ D. 
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For any c e C we define the section Sc'-U ^ C[/ by 



wa, wb) I — > 



{q,WA,WB,WA,a,q ^WA,a) 
{q,WA,WB,qWB,h,'WB,h) 



(a e A), 



and the divisor Sc — Sc{U) on Cu- We set Sc — Sa^ where Sa — UaeA'^a 



Lemma 8.2.3. (1) Let aeA and b e B. Then C Kx., Sa n {Vi U Fq) = a^f^ 
5*6 C Vo, (Sft n (\4 U \4o) = 0. In particular 5'c fl E = /or any c e C. 

(2) r/ie following is a local coordinates system of Cu around Sc (c e C); 



(3) Cc,a = C4,a on Sa H Cf/x /or any ae A\ {0^, ooa} ano? g ^^c,b = Cs,6 -S'b n Cf/x 
/or an?/ b & B. 

The fibers of C[/ over D are given by -Za^b = 0, i.e., each fiber consists of two copies 
of the projective fine with the identification of 2;^ = and 2;^ = oo as a simple double 
point; E is the set of all these simple double points. We now define open subsets Vi 
and Vf° of Vi by 

^1° = { {WA, Wb, za, tB) eVi\tB 7^0} and V^^ = { {wa, wb, za, tB) eVi\zA^O}. 

Then we sec that \ E = 1/° U V;^ and C^/ \ E = \/o U V;° U U Voo- 

The rest of this subsection is devoted to defining the sheaf of cavacua Vu{Mc) 

attached to the family of curves n : Cu ^ U such that Vu{Mc)\U'^ = Vj/x (Mc). 

Let iocu/u be the relative dualizing sheaf of tt : C[/ — > C/. Note that Cu and U 

are nonsingular and tt is flat. Then there exists an Ocu-module isomorphism oJcu/u — 

ojCjj ® where uy is the canonical sheaf of a complex manifold Y . In particular 

uJCu/u is a locally free Ccjj-module of rank 1. 

Proposition 8.2.4. (1) oJcu/u is a locally free Oc^-module of rank 1. 

(2) Let Q^^/^ = n},^/Oc^(d7r*%). Then u;c^/u\Cu \ E = n},^/u\Cu \ S and 

^Cu/u\Vo = OvodZB, (^Cu/u\Voo = Oy^dtA, 

^Cu/u\Vi = OyodtB, ^Cu/u\Vr = Ov^dZA- 




{q,WA,WB,^A,a), U,a = ZA-WA,a {a E A \ {Oa, OOa}) , 

{q, wa, Wb, ^a,oo), ^A,a = za = t'2^ {a = ooa), 
{q, Wa, Wb, ^B,b), ^B,b = zb - WB,b (b e B). 
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Let QuA^) = 0aGA0c/,a(^) ^nd gu,B{V) = 0f,g^0t/,6(V") where 

oo / oo 

A=0 \A=0 
oo / oo 

QU,b{V) = ^A ® Ou{{CB,b)mB,by-^/V l^A ® Oc7((ei?,6))(t/ei?,5) 



A=0 \A=0 



The Lie algebra QuiV) = 0i/,a(^) © 5u,B(y) over Ou canonically acts on Ou ® 
Mc = Ou ® Ma® Mb where (a G A), M'' {h e B) be ^-modules and M^ = 
iSlaeA M", Mb = <S>beB We denote this action by 

PA,B — / PA,B,a PA,B,b- 

aeA beS 

Recall that ^c,a = ^A,a{a E A) and ^c,b = q^B,b{b E B). Let gf^ : 0t/x(V^) -> 
QuiV) be the (9f;x-module map ^(^^,^5+/"^) ^ eta^"') (a G A), J {v , Cl^,''-') ^ 
J {v 1 S^']^ff^~^) [h E B) for any t> G Va and n G Z, which gives rise to an Oj/x- 
module isomorphism g[7x(K) = QuiY)- The Lie algebra 0[/x (V^) acts on Vt/x(Mc) by 
pc-, while the Lie algebra QuiY) acts on V(7(Mc) by pa,b- There is an Ojyx-module 
isomorphism Gf^ : C^/x (gjM^^M^ ^ Ot/^M^^M^If/'' such that G fA^u^^u^) = 
9£b(^u'')G£b(''^u>') for all f^yx G 0t/x(F) and m^/x G Oux ® ® Mg- in fact let 

= 0i 0^=0 ^^(^i + Then for any ua G and = ®beBUb E Mg, Ub E 
M^{h\ + dh) the isomorphism G/^ is given by 



®Ub)= [^q "^Aua® Ub, 



KbeB 

where we remark that Gf^^A ® Mb) Mj^® Mb- 

Let Ja^b = 3 A + 3b where Ja : 0a=o '^a ® vr*^^-^^(*^^) ^ QuA^) ^ Su{V) and 
is : 0A=o^A ® '^*^Cufu(*^B) eu,B(y) C QuiY) is the linear map defined by the 
Laurent expansion at the divisors Sa and Sb in terms of coordinates ^A,a (o E A) and 
^B,b{b E B), respectively. The Lie subalgebra 0^*(V^) of QuiV) is defined to be the 
image of the map Ja^b- We see that 5'^*^(0^"x (^)) = Qu'\y)\U^ ■ 

Definition 8.2.5. Let (c G C) be V^-modules and set Mq = (SJcec^"- We define 
the 0[/-module Vu{Mc) by 

Vt/(Mc) = Of/ ® Mc/0^"*(\/)(Ot/ ® Mc). 

Using the same argument given in the proof of Theorem |6.2.1| we get: 

Proposition 8.2.6. Vu{Mc) is a coherent Ou-module, and G^g induces an Oux- 
module isomorphism Vux{Mc) = V;7(Mc)| . 
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8.3 Integrable connections 

Let xxid be the defining ideal of D in U, i.e., = qOjj and set Qu{—\ogD) = {£ G 
Qu I -^(ttid) C ttid}, which is a Lie subalgebra of Qu over C^/, where for any complex 
manifold Y we denote by By the sheaf of germs of vector fields on Y. Using the local 
coordinate system {q,WA°, wb°) of U we get 

e„(- log = o,,^ e ® . 

Recall that there are two coordinate systems {wc,c)cec° and {q,WA°,u!B°) for the 
relation between them is 



d d d d 
= (aGA°), =wc,i,-. ih^B^ 

OWA,a OWc,a OWB,b OW c,b 

d ^ d 



U) 



oq ^-^ OW c b 

where wc,is = 1 while tfB,!^ = 1 

Recall that the integrable connection on Vux (Mc) is defined by 



d_ 

dwc. 



^a/au^c. = TT— + Pc,c (r(-l)) (ceC). 



Using (|8.1| ) and the fact that qpc,b(T{—l)) = p^^ f,(T(— 1)) for all 6 G -B we see that 
the corresponding action of 9{/x on VuiMc)\U^ is 

Va/a«,^,„ = + PA,B,a in-l)) {a G 

Va/a.,,„ = ^ + PA,B,b (T(-l)) (6 G B°), (8.2) 



dwB,b 
d_ 
^ dq 



d 

^qd/dq = Q-^+ ^B,bPA,B,b iT{-l)) . 

beB\{OB,ooB} 



It should be remarked that [qd/ dq, pA^Bfii^niv))] = —npA^B,biJniv)) for all b E B, and 
in particular, [qd/dq, pA,B,b(T{—l))] = pA.B,b(T{—l)). The formula ( p.2| ) defines an 
integrable action of Qui-'^ogD) on Ou ® Ma ® Mg such that Vx9°u\V) C 0^"*(V") 
for all X G 0(7(— log D); this fact is proved by the exactly same calculation done in the 
proof of Proposition |6.L3| (4) since S'c fl Vi = 0. So there is a 0(7(— logD) action on 
Vu{Mc) whose restriction to Vu{Mc)\U^ = Vj/x (Mc) coincides with the Oj/x action. 
In other words; 

Theorem 8.3.1. The O^x action on Vux {Mc) is naturally extended to a Qu{~ ^ogD) 
action on Vu{Mc)- 
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8.4 Local freeness 



We spend the following several subsections to prove that the sheaf Vu{Mc) is a locally 
free Cjj-module. 

Recall that Qui— log-D) acts on VuiMc) and induces Qux action on VuiMc)\U^ = 
V[/x(Mc), which is a locally free 0[/x-module. Let Od be the structure sheaf of D, 
i.e., Od = Ou/mo. Then V_d(^c) = ^uiMc) ®Ou Od is a coherent OD-module, and 
there is a natural 9;7(— logD) action on Vd{.Mc) since 0[/(— logZ^) (m£)V(/(M(7)) C 
mDVu{Mc). In particular 6d acts on Vd(Mc) and then Vd{Mc) is a locally free Od- 
module of finite rank. Since Vu{Mc)\ V = V[/x (Mc) and Vu{Mc) is Oc/-coherent it 
follows that rank Vux{Mc) < rank Vd{Mc)- So in order to prove the local freeness of 
Vu{Mc) over Ou it suffices to show that rank V[/x (Mc) = rank Vd(^c)- 

We denote the restriction of Cu to D hj '■ Co = 7r^^(Z^) — D, and set S'c = 
Ucec ■5c(-D), which is a divisor over Cd- For any a & A and b & B we set 

oo / oo \ 

0D,a(^) = ® 0D((eA,a))(rfeA,a)'-^/V V^A ® ( (^^.a) ) (^^^^.a) ) , 
A=0 \A=0 
oo / oo 

= V^a ® 0D((eA,6))(c/a,6)'-^/V V^A ® 

A=0 \A=0 

and define QdA^) = 0aeA0Aa(^), 9dM^) = 0f>eA0Ab(^) andgi5(V) = QdA^)® 
&D,B(y){= Qu{y) (S^Oy ^d)) which are Lie algebras over Od- 

Definition 8.4-1- Let ojco/d = ^Cu/u ®Oc^ Oc^ be the invertible Oco-Kiodule. We set 
Q°^\V) = Ja,b(0a=o^a ® (^£')*^^Cc/£>(*'^c')) where the map jA,B is also defined by 
Laurent expansion in terms of local coordinates C,A,a {(^ ^ A) and C,Bfi {b E B), which is 
an Cfl-Lie subalgebra of QDiV)- We define 

Vd{Mc) = Od® McIq'S\V){Od ® Mc)- 

There is an O/j-module isomorphism Vd{Ma) = Vd{Ma)- In fact by using 

{rfD)*u;l,-fDi*Sc) = n,ujl.-flj{*Sc) ®Ou Od (8.3) 

(see | [1'U Y| , Lemma 4.1.3, page 522]) one has the O/j-module isomorphism 0^*(V^) = 



50 



Od- In the following commutative diagram of CD-modules 



Q°jy\V){Ou ® Mc 





i 



a 



{Ou ® Mc) ®Ou O 



D 



q'E\V){Mc®Od) 



Mc®Od 



Vu{Mc) ®Ou Od 

i 




Vd{Mc) 

i 




the map (3 is surjective and the map 7 is an isomorphism. So Im(a) = Im(e), which 
shows Vd{Mc) = Mc® CD/Im(e) = {Ou ® Mc) ®Ou Cz?/Im(a) = Vd(Mc). 

Lemma 8.4.2. There is a canonical OD-module isomorphism Vd{Ma) = Vd{Ma)- 

The structure of the sheaf Vd{Mc) is described by the following theorem whose 



proof is given in §|8l6. 

Theorem 8.4.3. There exists a canonical OD-module isomorphism 



i=0 



More explanations here should be in order. Sheaves of covacua over D in the right 
hand sides are defined by using the trivial P^-bundle D xF^ D and the cross-section 
Sa : {wa,Wb) ^ {wA,WB,Wa) {a G A) and Sb : {wa,Wb) ^ {wA,WB,Wb){b G B), 
respectively; 



V^{Ma 



Od®Mj^® U/q^^°^\V) [Od ®M^®U 



VEiht (S) Mb) = Od® Lit ® MB/dD'""iV) {Od ® 



B,out I 



ij 1 

M 



B) , 



where the simple V"-module Li and Ljt corresponds to the point Oa and 00 b- So these 
are sheaves of covacua attached to a family of nonsingular curves of genus 0, while 
Vd{Mc) is the sheaf of covacua attached to a family of stable curves of genus 0. 

Let Ou = lim Ou/va^Ou = OD[[q]] be the completion along D and set 



VuiMc) = lim VuiMc)/mlVu{Mc), 

n 

eu{-\ogD)=\im eu{-\ogD)/mieu{-\ogD) 
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The Vu{Mc) is a coherent Oc/-module, and is equipped with the integrable connection 
Vx for X £ 0i/(— fog-D). There is a canonical (9i)-module isomorphism 

Definition 8.4-4- Let L be a simple \^-module such that L = -^('^ ) where L{d ) = 

{m G L I r(0)M = {A + d)u }. We define a et/(-logD) action on V^(M^ ® L) ® 
V|(Lt ® M5) ® C[[g]] for d/dwA,a {a E A°) and d/dwB,b {h E B°) by while for 

qd/dq by 

b&B 

This canonically induces a 9;7(— logD) action on Voi^c) ® 

The following theorem yields the local freeness of the sheaf Vi;{Mc)'- 

Theorem 8.4.5. There exists a canonical O D^q^-module isomorphism which is com- 
patible with the action Va/dwAa ^ '^d/dwBb ^ ^) ^ qd/dq such that the 
following commutative diagram holds: 

%{Mc) = VD{Mc)®C[[q]] 
_ [ _ i 

Vd{Mc) = Vd{Mc). 

id 

Theorem 8.4.6. Vu{Mc) is a locally free Ou-module. 



8.5 Relative dualizing sheaf over the critical discriminant 

This subsection is devoted to the study of the direct image sheaf 7r*ci;J,~^j^(*S'c) and 

{^t£,)^:Lo]7^J^{*Sc)'■, the contents of the subsection play the essential role in the proofs 
of Theorem |8.4.3| and Theorem |8.4.5 



Let V9 be a cross-section of the sheaf tx^,uo^^J^jj{*Sc)- We denote the restriction of 
if to the open set Vq, V\°, V-^ and Voo by 990, V^i? V^i^ ^'^d ipoo, respectively, so that 
(^0 = y,o, = and = ipoc on Vq D V^, D and n • Recall that the 
critical locus E has codimension 2 in Cu and tt^uj^^7^'^jj{*Sc) is an invertible sheaf over 
U. So ip is uniquely determined by the value on Cu \ ^ {= Vq U Vi U U Voo) ■ 

By Lemma p.2.3| (1) the cross-section (p^ and iff is holomorphic on each domain of 
the definition. The expansion of (fl and (f'^ is respectively given by 

fl= Yl <niy^A,WB)z^t],{dtBy-^ {ts y^O), 



m>0, n& 



mSZ, n>0 
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Since v?? = v^f on (1 and tndzA + ZAdts = in luc^/uIV^ n we see that 

<n = 0(m< A- = 0(n<A-l) and (8.4) 
^m+A-i,n = (-1)^' Vl.+A-i {m, n>0). (8.5) 



Summarizing 



m,n>0 

= E <„+A-i(«^A,t/^i.)g'"tr'"^''"'(^^B)'-'^, (8.6) 

m,n>0 
m,n>0 

= E ^™+A-l.n(^^'^i^)^r'^"'^-^?"(rf^A)^-^. (8.7) 
m,,n>0 

Let vr^ U vr^ : U Cd be obtained by the simultaneous normahzation of 

TiD '■ Cd ^ D along S: 



D — > D 

where U is the disjoint union of two copies of the trivial P^-bundle over D. 
Let sa,o ■ D ^ and sb,oo : D ^ he defined by {wa,'Wb) ^ {wa, 103,0) and 
{wa,wb) ^ {'Wa,'Wb, 00), which correspond to the normalized double points over D, 
and set Sa,o = sa,o{D) C and 5^,00 = sb,oo{D) C C^. We set 5*^ = Ua^ASaiD) C 

and Sb = l-ibeB^biD) C C§. Note that we use same notations for divisors over U 
and D, for instance, recall that we set Sa = ^aeA^aiU) as a divisor over U. 

By (|8.3|) any cross-section of the sheaf (7r£))*c<j^~'^^(*S'c) is represented by a quadru- 



plet (v^o, v^?, V3^, (foe) where (po and yjoo is the restriction of some (p G Tr^iu]r^jj{*Sc) to 
Vo n S and \4o H S, respectively, while ipi and is the unique extension of (p\Vi and 
ip\V^^ to S. Then by (g^ we see that ip^ = {iff, (^00) e {7c^),n'-J^^{*SA-{A-l)SA,o) 

and = (v^cV'?) e (7r|^)*ri^^B'^^(*5'5 - (A - 1)S'b,oo)- The expansion of ip^ and 
in a neighborhood of = and = is respectively given by 

^D=E^-+A-i,o(^^'^i^)^r^~'(^^^)'~^ (^A^O) and 

m>0 

V'D =E<"+A-l(«^A,«^B)tS''^-^(rftB)^-^ (tB ^ 0). 
n>0 

The leading terms v?a-i,o> V^o^a-i ^ CJi) satisfy v^a-^i.o + {-'^)^'^o,a-i = by 
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Proposition 8.5.1. The sequence of Od -module homomorphisms 



{nD)*ujlJ^^{*Sc) 



{7r^),nl-^^^{*SA - (A - 1)Sa,o) © {n^)Ml,^^{*Ss - (A - 1)Sb,oo) ^ Od - 
defined by ip i-^ {ip^,ip^) and {ipjj,ip^) ^ Va-iq + a-i ^■^ e.xact. 

Proof. Let v^a-i,0' V^^a-i ^ such that v^a-i,o + (~1)^V'^a-i = 0- Then by 
there exists ip G 7r^,u;^~^j^(*S'c) such that ip\D = {(p^,(pf)) and the leading term of (p"^ 
and ip^ is '/'a-i o foA-i^ respectively. □ 

8.6 Proof of the structure theorem for the sheaf over critical 
discriminant 



In this subsection we prove Theorem |8.4.3| . By using the exact sequence in Proposition 
p.5.1| we identity (7r£))*co'^~^(*5'c) as an C/j-submodule of (vr^)*f^^A^^(*'S'^ — (A — 

1)>S'ao) ffi (^n)*^^s — (A — 1)Sboo)- We introduce the vector subspace 

,1-A / , c \l l^A\ ol-A / , Q AC \ rr-. t „B\ r>l-A 



1-A f 



which has the codimension 1 in tt^ci;^ ^j^{*Sc)- We define the Lie subalgebra 



of Qd{V) by 

(oo 
A=0 

and set 

Vd{Mc)' = Od® Mc/Q°f{y){OD ® Mc). 

In order to prove Theorem |8.4.3| it suffices to determine Vd{Mc)' and the kernel of 
the canonical O^-module homomorphism VoiMc)' —>■ Vd{Mc) — > 0. With this point 
in view we introduce the Os-module V^(M^)' = Od® M^/0fl°"*'(^)(CD ® M^) and 
VEiMe)' = Od® Mg/0^'°"*'(V)(Ci5 ® Ms) where 

oo 

dT'\v) = ja( ^A ® {7^^).nl-^%{*SA - a5a,o)) , 

A=0 ° 

oo 

qT'\v) = J5(0^a ® (7rB).l^Jg^^(*55 - A^B.oo)). 

A=0 ° 



Using Proposition [7.2.2| we get: 
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Lemma 8.6.1. The linear map — >■ ® M(0) (m^ i— >■ ® 1a,o) o,nd Mjj 
M(0) ® Mjj ("^5 l_B,oo ® wg) respectively induces an On-fnodule isomorphism 

V^(M^)' = V^(M^ ® M(0)) and V^(M^)' = V^(M(0) ® M5). 



Corollary 8.6.2. There exists a canonical Oo-fnodule isomorphism 



Vd{Mc)' = V^(M^®M(0)) ® V^(M(0) ®M 



B) 



Ua^Uq ^ (m^ (g) 1a,o) ® (li?,oo ® Mb)- 

We now determine the kernel of OD-module homomorphism 

V^(M^ ® M(0)) ® VEiMs ® Af (0)) — ^ Vd(Mc) — > 0. (8.8) 
Note that for any A > the pair 

(^^'^ = {z^'dzA)'-^ e {'Kt)*%%{*SA - (A - l)5'^,o) and 
^d"^ = {-tB^dtsf-'' e {nE)*^]r^n^*SB - (A - 1)5b,oo) 

defines an element ip% G {TiD)*^\~^f£,{*Sc) such that 

This gives rise to the splitting Q°j^\V) = Q°i^^'{V) © 0S'*"(^) where 0S'*"(^) is the 
O/j-module generated by § {v ® (/?^) for all V eVA{A> 0). 

Since [ja.bI^^^V^d)' 0d*'(^)] ^ 0d*'(^) fo^' all v e Va the element Ja,b(m®<^d) acts 
on Vd(Mc)', which action is also denoted by jA,B{'>^ '^'^0)1 Kiore precisely jAi^^^'^D^) 
and (S> V^^'"^) acts on V^(M4)' and V^(M^)', respectively. The corresponding 
action on V^{Ma ® M(0)) and V^(M(0) ® M^) through the isomorphism given m 
Lemma |8.6.1| is described as follows: recall that these isomorphisms are induced from 
linear maps ^— 1a,o {u^ G M/) and ^ 1_b,oo ® u§ {u^ G M^). The linear 
map j^iv^fD''^) on V^(M^®M(0)) sends Ua^^aa to j^(f (Sx/);^'^)^^® 1a,o = — 
Jo (v) 1^,0 mod 0^5'°"* (V^) (M4 ® M(0)). By Theorem |7.2.3| there exists the canonical 
isomorphism 

r 

V^iMA ® M(0)) ^ V^(Ma L,) ® ly,* , 

on which the linear map V^"^'^) sends ® 1a,o to — © Jo('^^)1a,o = ""^^a ® 
1a,oJo{v) where 1a,oJo{v) indicates the right action of AoiV) to 1a,o- More precisely 
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the linear map j^{v ® f^'^) coincides with the right Ao(V^) action on each component 
W*{0<i< r); the set 0S'*"(V")Vd(M^ ® M(0)) is hnearly spanned by 

r 

- Ki^A ® Li) ® w*Jo{v) for all w* eW;,ve Va, A > 0. 

Applying the exactly same argument to V§{M§y we see thatgg** {V)Vd{M{O)0Mb) 
is linearly spanned by 

r 

VEiLi ® Ma) ® <^ ( Jo(^^)) for all w* eW*,ve V^, A > 0. 

i=0 

So V£)(Mc) is isomorphic to 

r 

v^(M^ ® Li) ® v^(L,- ® M5) ® (H^* ® vr;)) 

i,j=0 

where I{W*, W*) is the vector space which is linearly spanned by —WiJo{v) ® w* + 
w* ®w* -9 {Jo{v)) for all v e Va (A > 0) and w* eWi{0 <i <r). We now see that 



W* ® W;/I{W*, W*) ^ llomA,iv)m, D{W,)) 
by Schur's lemma. 

8.7 Proof of the glueing isomorphism 



C (z=jt), 
(z ^ jt) 



We now prove Theorem |8.4.5| ; by Lemma ^.4.2| and Theorem |8.4.3| it suffices to construct 



the (9£)[[g]]-module isomorphism $ such that the following diagram commutes 

r 

^■.VuiMc) 0V^(M^®L,)®o^V^(L,t®M5)®C[[g]] 

i 1 

r 



j=0 



and $ is compatible with the 0(— logD) action, where $ is Oo-module isomorphism 
given in Theorem |8.4.5 . 



For any simple l^-module L there exists a complex number A such that L = 
0^0 ^(^)' Lid) = {u e Li \ T{0)u = (A + d)u} and dim L{d) < 00. We denote 
such a complex number for the simple modules Li by Aj. Let L^ be the contra- 
gredient dual of L. For each homogeneous space L{d) and L'^^d) we fix the dual basis 
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{ud,i, . . . , Udj^} C L{d) and {u\, . . . , u^J'} C L'l'(c?) with respect to the canonical dual 
pairing. We now define the element in L L''" C?) C[[q]] by 

oo / 
d=0 \ j 

Lemma 8.7.1. For any f G Va and n E 1^ 

{Jn{v) ® I -1(^9 {Jn{v)) g") n{L) = 0. 
Proof. It suffices to show that 

By definition 

( ( J„(f ) ® l)fi(L), ® m| ) = ( Jn{v)ud,j„u^l and 



so that the right hand sides are zero if di ^ d2 + n by definition of the dual pairing, 
and those two coincide if di = d2 + n by definition of the contragredient module. □ 

We set Qi = ^l{Li) for < i < r and define the linear map 

Ma® Mb — > Ma^Mb^Li® L^t ® C[[g]] 

Ua®Ub I > UA®UB®^i- 

In order to see that this linear map induces an (9£i[[g]]-module homomorphism 
Vu{Mc) V^{Ma ® U) ® V|(L,t ® Mb) ® OdMI 



it suffices to show that _B(f ® v^)(ma ®UB)®^i = jAusiv ® ®Ub® VLi) for any 

,1-A / 



V eV/^ and ip G Tr^cui f,j{*Sc)t or equivalently 



{.jAfliv ® + jB,oo(^^ ® fii = for all i. (8.9) 
Using the expansion ( p.6| ) and ( |8.7| ) of on Vj° and respectively, we see that 



jAfiiv ®^) = ^\ ^ <^/+„+A-i,n^i(^) 1 (f and 

n=0 \i>-ri / 
oo / 

n=0 \j>—n 
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Then the relation ( ^.9| ) follows from ( p.5| ) and Lemma p.7.1| . 

Now the (9/3[[g]]-module homomorphism $ is induced by the map ® u§ i — > 
Yli=o'^A ® ® fli- By the proof of Theorem |8.4.3| it follows that $|g=Q = $ so that 
$ is an isomorphism since $ is an isomorphism. 

Finally we show that the map $ is compatible with the Qu{—\ogD) action, i.e., 



beB \ b&B / 

To this end it suffices to prove that for any G and Ud G L\d) 

5^ WB,b PB,b{T{-^))UB ®Ud= lA + d- ^ PB,b{T{^)) I Ub « 
b&B \ b&B / 



(8.10) 



on V^{L^ ® Since ZBidzs) ^ G Qdxf^/d it follows that j_B(T ® ZB^dzB) ^)ub 

= on V^(L^ ® Mb), which shows (|8.10|) since 



3B,b{T ® ZB{dzB) ^) 



WB,bn-l)+T{Q) (b^oo), 
-T(0) (6 = oo). 



8.8 Remark 

The definition of sheaves of conformal blocks over the partial compactification of the 
moduli space of A^-pointed projective lines is generalized to the one over the moduli 
space of A^-pointed stable curves of genus zero, and the local freeness of sheaves of 
conformal blocks can be proved. Then it follows that the category of ^-modules is 
rigid braided tensor category ( [ pK|| , ||KL1|| , ||KL2|j ). Details will be discussed in the 
subsequent papers. 



9 Semisimplicity of the category A4od{V) 
In this section we will show: 

Theorem 9.0.1. Let V be a chiral vertex operator algebra which satisfies the condi- 
tion IE . Then Aiod {V) is a semisimple category and the functor TiW : Aiod {V) — > 
J^od{Ao(y)) gives an equivalence of categories. 



The rest of this section is devoted to the proof of Theorem |9.0.1| . For this purpose 
we prepare lemma and propositions. 

Recall that M(0) = U (V) ^fou(^v) ^o{V) is canonically a right Ao(V)-module, which 
induces a left Ao(V")-action on Homi/(y)(M(0), M). 
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Lemma 9.0.2. Let M be a V -module. 



(1) Let if e Homi^(y)(M(0),M). Then ip{l) G nW{M) and the linear map 

Eomu(v){M{0), M) nW{M) ^ ^{1)) 
is an Aq{V) -module isomorphism. 

(2) The canonical pairing ( , ) : D{M) x M — > C induces a nondegenerate pairing 
( , ) : CnW{D{M)) X HW{M) C. 

Proof. The statement (1) follows from the definition of M(0). For the statement 
(2) we see that {g{V){oD{M),nW{M)) = as ^(0(l^){o) = 0(^)>o> so that the 
canonical pairing induces a pairing between C7iW(Z)(M)) and HVV(M). We now fix 
m G nW{M) and suppose that {CnW{D{M)),m) = 0. Then we see that (^,m) = 
for all (f G D{M) and that m = since the dual pairing between D{M) and M is 
nondegenerate. □ 



Proposition 9.0.3. Let V be a chiral vertex operator algebra which satisfies the con- 
dition M, and M be a V -module. 

(1) If M IS semisimple then M = U{V)n'W{M). 

(2) There exists a unique maximal semisimple submodule Mq of M. The submodule 
Mo satisfies HW^Mq) ^ nW{M). 

(3) There exists a unique maximal semisimple quotient module M of M. The quotient 
module M satisfies CnW{M) = CrCW{M) 



Proof. (1) Note that nW{M) 7^ by Lemma If M is a simple IZ-module then 



M = U{V)KW{M). We now suppose that M is semisimple and let M = 0„M" be 
the irreducible decomposition. Then we see that 7i>V(M) = 0^7iVV(M") and that 

u{v)nw{M) = ^^u{v)nwiM^) = m. 

(2) Since Ao{V) is semisimple the Ao(F)-module 7i>V(M) is completely reducible; 
nW{M) = ®iWi. We now set Mq = U{y)nW{M) = ^^UiV) ®Fm(v) , which 
is a semisimple l^-submodule of M by the condition HI and HW^Mq) = HW{M). 
Let be a semisimple V-submodule of M. Then nW{N) C nW{M) and = 
U{V)nW{N) c U{y)rCW{M) = Mq by (1). 

(3) Let D{M)q be the unique maximal semisimple V^-submodule of D{M) and set 
M = D{D{M)o). Then the ^/-module exact sequence ^ £'(M)o D{M) yields 
the \^-modules exact sequence M M, which shows that M is a semisimple 
quotient module of M. By (2) we see that n'W{D{M)o) = nW{D{M)), and that 
CnW{M) = CnW{M) by Lemma |9:o:^ (2). Now let M ^ iV ^ be a semisimple 
quotient of M. Then we see that CnW{M) CnW{N) 0, and by Lemma 

(2) that ^ nW{D{N)) nW{D{My) = nW{D{M)o). So ^ D{N) D{M)o 
by (1), which shows M — > — 0, i.e., M is the maximal semisimple quotient. □ 
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Proposition 9.0.4. Let V be a chiral vertex operator algebra which satisfies the con- 
dition M, and M be a V -module. 

(1) The linear map l : M ^ V(oo,o)(^(0) (8>M) defined by loo ®^ for allm E M 
induces an isomorphism of vector spaces C7iVV(M) = V(oo,o)(^(0) ® M). 

(2) The canonical pro jectiomr : M ^ M induces an isomorphismV(^oo,o){M{0)^M) = 
V(oo,o)(M(0)®M). 

(3) Let L be a simple V -module. Then V(oo,o)(-^ ® M) = V(oo,o)(-^ ® M) for any 
V -module M. 

(4) Let M°°, M° be V -modules and M° he the maximal semisimple quotient of . 
Then there exist vector space isomorphisms 



V(oo,o)(M°° M") ^ V(oo,o)(M°° ® 
Hom^,(y)(M°,M~) ^Hom^(v.)(M°,M'-). 

Proof. (1) By Proposition |7.2.2| we liave tlie isomorpliism 

M/jo{®^^,VA®H%F\n'-^{*[0]-A[oo]))M = V(oo,o)(M(0) ® M) 

m I— i> (g) m. 

Since = ^-"^^-^(rf^)!-^ (n > 0) form a topological basis of H%F\Q^-^{*[0] - 
A[oo])) and jo{v ® ipn) = J-niy) for all G Va we see that 

Jo ^0 Va ® H\¥\ fii-^(*[0] - AH) j M = fl(V)io^. 

The second statement follows from the first statement and Proposition |9.0.3| (3). 

(3) Let Liif] < i < r) be the complete list of simple \^-modules. Since M(0) = 
U{y) ®Fcu(v) ^QiV) ^ 0.Li O W* as a V^-module we see that V(oo,o)(M(0) ® M) = 
0i V(oo,o)(^i ®M)®W* and V(oo,o)(M(0) ® M) ^ 0. V(oo,o)(^^ ® M) ® W* , so that 
V(oo,o)(i^i ® M) = V(oofi){U ® M) for all i. 

(4) Let a, /? be distinct points on such that a, /? 7^ 0, 00. Then by Theorem ^.6.1 



there is an isomorphism V(oo,o)(M°° O M°) = V(oo, a, /3, 0) ® K (g) (g) M°). Using 
the factorization property (Theorem |8.4.3| ) and the statement (3) we see that 

V(oo,o)(M~®M°) 

- 01^(00, a, o)(M°° ®V® D{Li)) ® V(oo,/3,o)(^i O 1/ O M°) (the factorization) 

i 

= V(oo,a,o)(M°° ® V ® D(L,)) ® V(oo,Ao)(^i ®V®M') by (3) 
j 

= V(oo, 0) {M°° (g M°) (the factorization) . 
The second isomorphism follows from Proposition p.9.1| □ 



60 



To prove the theorem it suffices to show: 

Proposition 9.0.5. Let V be a chiral vertex operator algebra which satisfies the con- 
dition M and M be a V -module. Then the maximal semisimple quotient module M of 
M is isomorphic to M as V -modules. 

Proof. Let vr : M — 5> M be the canonical projection. It suffices to show that there 
exists / G Homi^(y)(M, M) such that / o vr = idM- Then the canonical projection vr is 
injective, i.e., vr is an isomorphism, and that M is semisimple. The existence of such a 
homomorphism / follows from the proof of Proposition |9.0.4| (4). □ 



A Appendix 
A.l Examples 

Several chiral vertex operator algebras which satisfy all conditions required in this 
paper are known. By way of example we give affine chiral vertex operator algebras and 
minimal Virasoro chiral vertex operator algebras. 

Example A. 1.1. (Affine chiral vertex operator algebras) Let g be a finite dimensional 
simple Lie algebra over C of rank n, and let g = C[t, t~^]®Q®'CK be the corresponding 
affine Lie algebra. We denote by {Aq, . . . , Ajj} the set of fundamental weights for g, 
and by the set of all level k dominant integral weights. We denote by L{A) the 
irreducible highest weight module of g with highest weight A. It is known that if 
k 7^ —h^, then L^^k = L{k Aq) has a structure of chiral vertex operator algebra where 
is the dual Coxeter number of g ( ||TK| , Theorem 2.9]). The energy-momentum tensor 



T{z) of Lg^k is the Sugawara form. The Lg^k is called an affine chiral vertex operator 
algebra . 

The case that the level is a positive integer has a particular interest. The affine 
chiral vertex operator algebra Lg^k then satisfies C2-condition ( |[rUY| , Theorem 4.2.4]). 



Let 60 be an element in the root space Qg of the maximal root 9. Then it is known 
(S) that 

^(^) = f/(s)/(er ) = ® L,0LI 

{x,e)<k 

where A G f)* is an integrable weight and Lx is the simple g-module with the highest 
weight A. In particular, Ao{V) is semisimple. Any l^-module is an integrable g-module 
from the category O { WTKj ) . Then the complete reducibility theorem for integrable 
g-modules (Theorem 10.7 in [^) shows that any \^-module induced from a simple 
Ao(V^)-module is simple. So the affine chiral vertex operator algebra Lg ^ satisfies the 
condition IE. The simple g-module L{A) (A G P'l) is a simple \^-module and any simple 
\^-module is isomorphic to L{A) for a suitable A G P'l. 
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Example A. 1.2. (The Virasoro vertex operator algebras) Let Vir = ^^ez CT(n) ©CC 
be the Virasoro algebra. We denote by M(c, h) the Verma module for the Virasoro 
algebra with a highest weight h & C and central charge c G C. Let Vh,c be the 
highest weight vector so that LnVh,c = 5nflhvh,c {n > 0) and Cvh,c = cvh,c- The Verma 
module M{c,h) is a free f/(Vzr~)-module of rank one with the generator Vh,c where 
Vir~ = 0,^g2^^^ CT(— n). Let L{c,h) be the irreducible quotient of M{c,h). Then it 
is known that L{c, 0) has a structure of chiral vertex operator algebra ( [p3PZ|] , [[BFM|| ) . 

In conformal field theory the Virasoro chiral vertex operator algebra with specific 
central charge is extensively studied. Let p, q be relatively prime integers such that 
1 < p < q and set Cp^q = 1 — 6{p — qY/pq- For any integers r and s such that 
0<r<]9, 0<s<gwe denote hp^q-r,s = {{rq — spY — {p — qY}/4:pq ; note that 
hp,q;r,s = hp^q.p_r^q-s- The modulc L{cp^q, hp^q-r,s) fof the Virasoro algebra is called a 
minimal series, and in particular, L{cp^q, 0) is called the minimal Virasoro chiral vertex 
operator algebra. The minimal series L(cp_g,0) satisfy C2-condition ( ||B1^'M[| ). 

Let V = L{c, 0) be the Virasoro chiral vertex operator algebra with central charge 
c G C For c 7^ Cp^q the zero-mode algebra is the polynomial ring C[x] , while for 
c = Cp q the zero-mode algebra is a finite dimensional commutative algebra; 

Ao{V) = C[x]/{Gp,q{x)), Gp,q{xY = n - 

0<r<p 
0<s<g 



where Gp^q{x) is a polynomial such that degGp^g = {l/2){p — l)(g — 1) ( [[b'l^ll , |[B1^' 



For c = Cp^q any V^-module is completely reducible ( pFM|| ) so that V satisfies the 
condition HI. The Virasoro module L{cp^q, hp^q.r^s) is a simple V-module and any simple 
V^-module is isomorphic to one of the minimal series. 



A. 2 Zhu's algebras via sheaves of covacua 



It is stated in |[I''Z|| without proof that Zhu's algebra is isomorphic to the zero-mode 
algebra (Remark after Proposition 1.4.2 in |[FZ| , page 13], also see [PN|| ) . Here we give 
a proof of the isomorphism between Zhu's algebra and the zero-mode algebra using a 
space of covacua associated to 3 points oo, — 1 and 0. 

We first recall definition of Zhu's algebra AziV). Let be a chiral vertex operator 
algebra and OiV) be the vector subspace of V , which is linearly spanned by vectors 

Ai 



Vi O t>2 



(1 + ;2)Ai 

Res J(f 1, z)v2 5 dz 



2=0 



E 

n=0 



Ai 

n 



J_ 



■n-l 



{.Vi)v2 



for all f 1 G , V2 G V^a • 

Definition A. 2.1. For any vi G Vai and f 2 G V we define the binary operation vi * V2 

by 



(1 + 2)^1 

Vi*V2 = Res J(f 1, z)v2 dz 

2=0 z 



E 

n=0 



Ai 

n 



J-niVi)v2, 
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and extend this to the bihnear operation V x V V . 
The following fundamental results are found in 



Proposition A. 2. 2. Let V be a chiral vertex operator algebra. 

(1) 0{V) *V C 0{V) and V * 0{V) C 0{V). 

(2) (r(-l) + T{0))v G 0{V) for all veV. 

(3) {vi * V2) * 113 — til * (ti2 * fa) G 0{V) for all fi, f2, fa G 

(4) For all Vi G , f 2 € o,nd m > n >0 

Res J{v,, z W ^ 0{V). 

(5) For all Vi G and V2 G V^^ 

Vi * V2 = Res J{v2, z)vi dz mod 0(\^). 

2=0 z 

The proposition, in particular, shows: 

Proposition A. 2. 3. The quotient vector space Az{V) = V/0{V) is an associative 
algebra with a unit |0) + 0{V) by the multiplication induced by the operation *. 

Definition A. 2.4- The associative algebra ^42(1^) is called Zhu's algebra. We use the 
notation [t>] = f + 0{V), i.e., [ ] : ^ ^^ziY) denotes the canonical projection. 

We next construct a vector space isomorphism between Zhu's algebra and a space 
of covacua. 

Definition A. 2. 5. Let Dz = [00] + [—1] be the divisor on and 0{Dz) be the vector 
subspace of V , which is linearly spanned by j^iv ® for all f G Va, m G K and tp G 
ifO(pi,(]^-^(*[0] - AD^)). We define a quotient vector space by A{D,) = V/0{D,). 

For any A G Z>o and integer m, n we set 



[z + 1)^+" 



The ip^^n {m > n > 0) form a topological basis of H^{¥\n^~^{*[0] - AD^)). On 
the one hand we see that 0{V) C 0{Dz) by definition of 0{V). On the other hand 
0{D,) C 0{V) by Proposition (4) so that 0{V) = 0{Dz): 

Proposition A.2.6. A^iV) = A{Dz). 

We now define a space of covacua which is isomorphic to the vector space Az{V). 
Let A = { 00, -1, } and wa = (00, -1, 0). Let M{Dz) = M°° ® M'^ ® M° where 
= M(0), M-i = M(0) and = V. We set Va{Dz) = M{Dz)/gZliV)M{Dz). 
Recall that M(0) = U{V)/U{V)F^U{V). We denote the unit 1+U{V)F^U{V) by loo 
and l_i for M°° and M~'^, respectively. 
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Proposition A. 2. 7. The linear map V — > M{Dz) {u y-^ loo®!-!®^) induces a linear 
isomorphism AziV) = Va{Dz)- 

Proof. We show that any element of M(Dz) is congruent to loo ® l~i ® m for a suitable 
u G r modulo Q^^{V)M{Dz) and 1oo®1-i®Mi = 1oo®1-i®M2 mod g°"j(\/)M(D,) 
if and only if Ui — U2 & 0{V). 



Using the same argument in the proof of Theorem |5.8.1| we see that the linear map 
V — > M{Dz) (m 1-^ loo ® 1-1 ® u) induces a surjective linear map l : V ^ VAiD^). For 
any v E Va and G H°(F^ ,n^~'^{*[0] - ADz)) we see that joo(^^ ® V^), ® V^) G 

and that 

loo ® 1-1 ® Jo{v ® <^)u = ® <^)(loo ® 1-1 ® n) G g°"j(y)M(D,). 

Now the map i induces a well-defined surjective linear map Az{V) — > Vyi(-D2); which 
is also denote by l. 

For the injectivity of l we will prove that the dual map l* : Va{Dz)* Az{V)* is 
surjective. By using the same argument given in the proof of Proposition 7.2.2| we can 



show that for any $ G Az{V)* there exists a system of current correlation functions 
{$m}m=o associated to $ such that 



^m{Vi, . . . ,Vm;u)^z^^...,Zm) 

where A = {zi = 0}, A,j = {zi = Zj}, A -1 = {zi = -1} and A,oo = {zi = 00} are 
divisors. Let us denote 

= {^\JiVi, Zi) ■ ■ ■ J{Vm, Zm)\v){dZi)^' ■ ■ ■ {dZm)^"- . 

We now define <l G Homc(M(A), C) by 

^{0 {Jnn (f 1)) ■■■0 {Jruk (Vk)) loo ® Jni (^l) " ' " Jn,(M^) 1-1 ® v) 




X (<l>|J(t;fc,2;fc) ■ ■ ■ J(t;i,Zi)J(M^,w^) ■ ■ ■ J{ui,Wi)\v) 



X + . . . z^' + ^'''^-\we + + ■■■{Wi + + tiw;, ■ ■ ■ rfWirfZfc ■ ■ ■ rfZi , 

where > rj^^i > . . . > ri > 2 and 1 > Si > S2 > . . . > > 0. Then $ induce an 
element of V^l-Dz)* such that i*(<l) = $. □ 
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Proposition A. 2. 8. Let V be a chiral vertex operator algebra and Ao{V) be its zero- 
mode algebra. Let a : V ^ ^o(^) be the linear map defined by o{v) = [Jo(f )]. 

(1) The vector space 0{V) is in the kernel of the map o, and the induced map a : 
Aziy) Aq{V) is surjective. 

(2) The linear map o : Az{V) ^o(^) is an algebra homomorphism. 

Proof. For any Vi G Vai and V2 G we see that 

Mvi o V2) 
^1 /A \ 

n=0 ^ ^ ^~ 
^1 /A \ 

y ^ Res Res J{J{vi,w - z)v2, z){w - z)^'-''~^z^^-^'' dwdz 

\ n 2=0 w=z 
-r>=n ^ / 



n=0 

Res Res J{J{vi,w — z)v2,z){w — z)^^w^'^z'^^ dwdz 

2=0 w=z 



^VesRes J(vi,w)J(v2,z)z^^+''w^'-''-'^dwdz 

n=0 ^ ^ 

-Y" ( ^ VesRes Jiv2,z)Jivi,w)z^^-''-^w^'+''dzdw 
^ \ n w=Q 2=0 

(~^) {J-n-l{Vl)Jn+l{v2) - (^^2) (t^l ) ) G V) ■ ) . 

n=0 ^ ^ n>l 



Thus the map o : v42(y) — > Aq^V) is well-defined and is surjective by Proposition |3. 3. 2 . 
We note that 

^1 /A \ 

MVI *V2) = Y \ ) Res J{J.n{vi)V2, z)z^^+''-^ dz 

^ — ^ \ n I 2=0 

n=0 ^ ^ 
^1 /A \ 

= y M Res Res J( J(t;i, w - z)v2, z){w - ^yj^^ 
^-^ \ n I 2=0 w=z 

n=0 ^ ^ 

= Res Res J(J(fi, ti? — z)f2, z){w — z)^^ z'^^^^w^'^ dwdz (=: /). 

2=0 UI = 2 

On the one hand J{J{vi,w — z)v2,z) = J{vi,w)J{v2, z) {\w\ > \z\ > 0), and on the 
other hand J{J{vi,w — z)v2, z) = J(f2, w)J{vi, z) {\z\ > \w\ > 0); we then see that 

oo 

/ = y Res Res J(f i, J(f2, rfWz 

' 2 = UI=0 

n=0 

oo 

- y Res Res J{v2,z)J{vi,w)z^^~''-'^w^'^''dzdw 

' 10=0 2=0 

n=0 

oo oo 
= ^ J-n{Vl)Jn{v2) " ^ J -n-l{v2) Jn+l{Vl) , 



n=0 n.=0 

65 



and that J^iyi * V2) = Mvi)Jo{v2) mod J2n>i F~'^U{y) ■ F'^UiV). □ 

Recall that there exists a lA{y)-mod\x\e isomorphism M(0) = U{V) ®f^^u{v) ^o(^), 
which defines the canonical right Ao(V^)-module structure on M(0). 

Definition A. 2. 9. We define the linear map a_i : Aq{V) Va{Dz) = A^{V) and 
(Too : Ao{V) Va{Dz) = A^{V) by a ^^ loo ® a ® |0) and a a (g) l_i |0) for all 
a G Aoiy), respectively. 

Proposition A. 2. 10. The map o"_i, a^o '■ ^o(^) ~^ Az{V) is respectively an algebra 
and an anti-algebra homomorphism such that (j_i([Jo(f )]) = [v] and aoo{[0{Jo{v))]) = 
[v] for all f G Va • 

Proof. We first prove the second assertion. For ip = z~^{l + z)^~^{dzy~'^ and any 
f G Va we see that j-i{v ® V^)l-i = —Jo{v)l-i, and that 

loo O [^o(^^)] 1-1 ® |0) = -loo ® J-l(t;® ^)1-1 ® |0) 

= loo®l-i®ResJ(t;,2)|0)^^^^^^ dz mod g"J'(V)M{D, 

2=0 ^ 

= loo ® 1-1 ® V. 



On the other hand, for any f G Va take ip = z ^(1 + 2;)^ {dzY ^. Then we see that 
joo {v <S)f )loo = -6 {Jo{v)) loo, and that 

6 (Joiv)) loo ® 1-1 ® |0) = -Joo(t^ ® V2)loo ® 1-1 ® |0) 

= loo ® 1-1 ® R_es J(t;, z)\0) ^'^^^^ dz mod 0°"j(\/)M(D,) 

= loo ® 1-1 ® 

Similarly we find that 

loo ® [-^o(^^i)] [<>^o(^^2)] 1-1 ® |0) = loo ® 1-1 ^vi*V2 and 

[^(Jo(t;i))] [^(Jo(t^2))] loo ® 1-1 ® |0) = loo ® 1-1 ®V2* Vi, 

which show the first assertion, where we also use the fact 6'^{Jo{v)) = Jq{v) (see 



op. □ 



Theorem A. 2. 11. Let V be a chiral vertex operator algebra and A^iV) be its zero- 
mode algebra. Then o : A^iV) — ^ Ao(V^) is an algebra isomorphism. 

Proposition A.2.12. The map 6 : Ao{V) Ao{V) {Jo{v) ^ 0{Jo{v))) is well- 
defined, and is anti-algebra involution. 

Proof. By the isomorphism Ao(V^) = Va{Dz) the map 6 is well-defined. Since (T_i = 
o"oo o we see that 6 is an anti-algebra homomorphism. □ 
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